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Abstract

We survey the recent progress on the application of monotonicity
methods (with respect to order) to the existence theory for various
Boltzmann-like, nonlinear kinetic equations. To motivate the topic,
we first provide several examples of Boltzmann models for complex
systems, with similar monotonicity properties, which present inter-
est in applications. These are Smoluchowski’s coagulation equation,
Povzner-like models with dissipative collisions and reactive collisions,
respectively, a Boltzmann model for several chemical species (with re-
actions), and a von Neumann-Boltzmann quantum model. The com-
mon properties of the above models can be abstracted into a very
general setting. One obtains a class of nonlinear evolution equations,
formulated into an abstract Lebesgue space, for which one can state
general criteria for the existence, uniqueness and positivity of global
(in time) solutions. The proofs extend techniques that were initially
developed in the more particular context of the space-homogeneous
version of the classical Boltzmann equation. Finally we show how
the abstract results can be applied to our examples of Boltzmann-like
models.
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1 Introduction

Many nonlinear kinetic equations for complex systems appear as generaliza-
tion of the classical Boltzmann equation (see, e.g. [4]). The last years have
been marked by an increased interest in the mathematical properties of such
models. This can be explained by various applications not only in physics,
astrophysics and chemistry (e.g. studies of simple and complex/reacting flu-
ids, granular media, coagulation-fragmentation, formation of planetary rings,
galaxy collision) but also in modeling evolution processes in immunology,
traffic flow, communication networks, etc.

In many situations, the above equations are phenomenological or micro-
scopic models that describe the evolution of various populations (macroscopic
systems) of many well individualized, objects (e.g. rarefied gas particles, cells
networks signals etc.) interacting among themselves. The interactions are
(localized) microscopic processes: a) any interaction has a very short du-
ration, with respect to the time-scale of the macroscopic evolution; b) the
number of partners of any interaction is very small, with respect to the total
number of the components of the population. Depending on the model, an in-
teraction may change the state, nature and/or the number of the participants
in interaction. This may result in modifications of the values of the physical
quantities characterizing the states of the interacting objects. However, such
modifications must be consistent with certain balance laws (e.g. conservation
/dissipation laws ) imposed by the peculiarities of the microscopic processes.

The problem of the existence and uniqueness of solutions of the above
models is not only of an academic interest. Indeed, good criteria for the
existence of general solutions and a detailed study of the properties of the
solutions can be particularly useful in obtaining effective convergent numer-
ical schemes for the models.

The above models present some mathematical properties, similar to those
of the classical Boltzmann equation, in particular similar monotonicity prop-
erties (with respect to the order). This made possible to extend nontrivially
monotonicity methods, initially introduced for the classical Boltzmann equa-
tion, [2] (see also [28]) to study these models [18], [27], [9], [7]. Recently
the ideas of [2] and [28]) have been reconsidered nontrivially within a more
general, abstract framework, [11], [12], [13]. The present work is a survey
of the recent progress in the domain, and includes five sections and an Ap-
pendix. This Introduction is the first Section. The next Section, is a brief
presentation, at formal level, of some relevant examples of Boltzmann models



for complex systems. In Section 3, we introduce a class of abstract evolution
problems, as a generalization of the examples considered in Section 2. Then
we develop the general existence theory based on monotonicity arguments.
Section 4 is devoted to applications. Finally, Section 5 contains conclusions
and open problems.

2 Boltzmann-like kinetic models

In this section we present several nonlinear models with nonlinear singulari-
ties, that exhibit similar isotonicity properties. In very general terms, these
equations are essentially described by nonlinear evolution equations of the
form

df

E:AerQ(t,f), t>0, (2.1)

formulated in the positive cone of some suitable ordered function space X,
usually an ordered Banach space. The unknown f = f(¢) characterizes the
state of the macroscopic system at time ¢t. The two terms of the r.h.s. of
Eq.(2.1), Af (possibly A = 0) and Q(¢, f) describe the free motion and the
contribution of the interaction processes, respectively. From a mathematical
point of view, A is the generator of a evolution linear group in X, while
Q(t,-) is a nonlinear integral operator.

In many situations, we can write Q(t,-) = Q1 (¢t,-) — Q (¢,-), where
Q*(t,-) and Q(t,-) are positive and isotone with respect to the order of
X. Moreover, Q% (t,-) and Q~ (¢, -) satisfy certain relations -macroscopic bal-
ance laws- determined by the microscopic balance properties.

In this work we are interested in solving the initial value problem (i.v.p.)
for Eq.(2.1), which can take various formulations, depending on the model.

2.1 Smoluchowski’s coagulation equation

Smoluchowski’s coagulation equation, [21, 25] (see also, e.g., [1], for a recent
review), describes the irreversible evolution of particles that may coalesce
into larger clusters. The continuous version of the Smoluchowski’s equation
reads

O F= QN = QN () 22



for the unknown f(¢,y) > 0, the density of clusters of size y € R := [0, 00)
at time t > 0. Here

QI (9)(y) = % /Oy Y — YY) 9y — y+)9(y.)dy., (2.3)
Q: (9)(y) = 9() / " ) 9(y.)dy., (2.4)

with the (coagulation) kernel ¢ : Ry x R, — R, a symmetric, measurable
function.

We assume that there exist the constants ¢g,¢; > 0 and 0 < o < (3, such
that

q(yye) < g0+ a1 (y*y? + %y (y,y. > 0), (2.5)

where
a+ [ <1. (2.6)

Condition (2.5) includes the case when either ¢qo = 0 or ¢; = 0. Without
loss of generality, we can assume that ¢; > 0 (indeed the situation when ¢
is bounded by a constant can be considered as a particularization of (2.5) to
the case where ¢; > 0 and o = 3 = 0).

The following property of the Smoluchowski’s model is essential for our
analysis. Formally, if g, : R, — R are measurable, then

/0 ) [0 () — Q (9)(y)] dy =

1 o0 o ~
= 5/0 /0 Oy, y)a(, v.)9(y) g (y.)dydys, (2.7)
(provided that the integrals exist), where
Uy, ) =0y + ) — (y) — vy (2.8)

Property (2.7) follows from the change of variables (y,y.) — (¥ — ¥s, y«) in
the first term of the L.h.s. of (2.7), and then applying Fubini’s theorem.
In particular, if ¢(y) =y in (2.7), then

/0 N Qc(9)(y)ydy = 0. (2.9)

This gives formally the mass conservation for Eq. (2.2).
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Similar considerations as before can be made for the discrete version of
the Smoluchowski equation

7j—1 [e'e)
&= 5> Qrr(e() =) Quile(t)), ¢(0)=¢020 (j=1,2,..),
k=1 k=1

(2.10)

where Q) x(c) := q(k, j)ckcj, is defined by the same symmetric coagulation
kernel introduced before, subject to (2.5), (2.6), and the component ¢;(¢) > 0
of ¢(t) := (¢;(t)) is interpreted as the concentration of clusters of size j at
time t > 0.

DO | —

2.2 Povzner-like model with dissipative collisions

The model describes a rarefied mono-component fluid of particles of unit
mass, evolving in the free space with dissipative (conservative) binary colli-
sions, i.e., collisions resulting in the loss (conservation) of the kinetic energy
of the encounters.

According to the model, [7], the post-collision velocities v/, w’ are related
to the pre-collision velocities v and w by

/

vV=v—(1-pn){v-—wnn w=w+(1-7p3n))v—w,n)n, (2.11)

where (-, -) is the Euclidean product in R* and n € ) - the unit sphere in R3.
Here, 5: Q+ [0,1/2) is a given measurable function. The total momentum
is conserved in collisions, v/ + w’' = v + w, but the kinetic energy is lost

VP W = v wl = 26m) (1 = Bn) (v —w.n)[*, (2.12)

excepting the case § = 0, when the collisions become elastic.
For each fixed n € €, the transformation R? x R3 5 (v, w) — (v/,w') €
R3 x R? is invertible. The inversion formulae are

V=v-— (11__2—%83)) (v—w,n)n, w=w-+ (11__2—%(81))) (v —w,n)n.
(2.13)

Formally the above model reads
O = vVl Q) ~ Q) (2.14)
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where f = f(t,x,v) is the one-particle distribution function, depending on
time ¢ > 0, position x €R3, and velocity v €R? of the so-called test particle,
Q7 and Qj are the so-called nonlinear gain and loss operators, respectively,
and describe the influence of the collisions on the evolution of f. They are

formally given by
Qi (9)(x,v) =

nv-— W)|”’ A A
/ /Qst (1—2p( ))1+7P(7”“>9(X’V)9(X+TH:W)dndw (2.15)

Q;(9)(x,v) = g(x,v)/o d?"/Q y |(n,v —w)|" P(r,n)g(x + rn, w)dn dw,

(2.16)
respectively, where P : R,y x 2 +— R, is a given measurable function with
P(r,n) = P(r,—n) assumed to satisfy

P(r,n) < cor* (r >0, n€Q), (2.17)

for some constants ¢ > 0, 0 < v < 1, and R > 0, specific to the collision
processes.
The basic property of the model is the formal identity

5 V(v) Qi (9) — Qy(g9)] dv =

. _ Y
= / (v, w, Vv, w’)MP(r, n)g(x,v)g(x + rm, w)dndvdw,
OxR3xR3 2
(2.18)
where ¢ : R? — R and ¢ : R? x R? = R are measurable functions such that
(2.18) is well defined, and

(v, w, v, W) = (V) + h(W) = ¥ (v) — o (w), (2.19)

with v/ and w’ given by (2.11). We deduce easily (2.18), performing the
change of variable (v,w) — (0, W) in the first term of the Lh.s (2.18).

If 5 =0, then (2.14) yields a version of the so-called generalized Boltz-
mann equation with binary elastic (conservative) collisions, analyzed in [3].



2.3 Povzner-like model with chemical reactions

We recall here a Povzner-like model with chemical reactions introduced in [§]
for a reacting gas mixture of N species A; and mass m;, 1 < i < N, without
interaction with photon fields. We assume binary reactions

Ai+Aj — A+ A, 1<i, j k I<N, (2.20)

where case i = j = k = [ corresponds to non-reactive (elastic) processes.
According to the model of [8], for each species i, the gas particles have one
internal energy state, say E; > 0,1 <17 < N. It is assumed that the reactions
are consistent with the conservation of mass, momentum and total energy,
ie., m; + m; = my + my, and m;v + m;w = myv' +mw’, as well as

|w|”

ij

[w'”
+ B+~ + By =

2

my [V']| my |[w

a2 N BRI - S M
2 + Ly + 5

2
m; ||
2

+E, (221

where (v, w) are the pre-reaction velocities of the particles (i, ) and (v/, w’)
are the post-reaction velocities of the particles (k,1)
The conservation relations give

/ 2 2
mpmy [V — w7 mym; v — w
2(my, + my) 2(m; +m;)

+ Ez + Ej - Ek - El = tkl,ij (V, W) (222)

and obviously, (2.20) occurs, provided that
tkl,i]‘(v, W) Z 0. (223)

It can be easily seen that (v/, w’) can be represented in terms of the pre-
reaction velocities (v, w) and of the unit vector n = (v — w’') [v/ — w'| "
as

i ‘ 91/2 1/2
v =Y W 1/2 ) thiif (v, w)'’n = Viij(V, W, n)
m; +m; my (mz + 77’Lj)1/2
(2.24)

and

; ) 21/2 1/2
w = Y AU 1/2 ) tre,ij (v, W)mn 1= Wi,i5(V, W, n)

m; + m; my" " (m; +my)'/?

(2.25)



It is convenient to extend the definitions of vy, ;;(v, w,n) and wy,;;(v, w,n)

by setting N
m;v m;w

sz,z'j(V,W; 11) = Wkl,ij(V,W,n) = m; +m; (2-26>
whenever t,,;(v,w) < 0. By virtue of the above formulae one has
Vkl,z'j(V, w,n) = szm'(W,V, n) = Wlk,ij(vywa —n) (2.27)
and
Wi (V, W, n) = Wy (W, v,n) = v (v, w, —n). (2.28)

Each species 1 <17 < N is described by the one-particle distribution function
fi = fi(t,x,v) depending on time ¢ > 0, position x and velocity v.

Assuming molecular chaos and (instant) point localized reactions, the ki-
netic model is derived following the original argument for the classical Boltz-
mann equation. The obtained model reads, [8],

9
ot
where f = (f1,..., fn) and, formally,

Qi (9)(x,v) =

fi=—v -Vifi+QF (f) — Q7 (f), 1<i<N, (2:29)

N

= Z /3 , kal’ij(y’v’w’n)gk@?X’thij)gl(t,X+y,Wkl7ij)dyden7
j,k,l=1 R3XR3 xS

(2.30)
Qi (9)(x,v) =

N
= Z / e (¥, v, w,n)g;(t,x,v)g;(t,x +y,w)dydwdn. (2.31)
j7kyl:1 R3XR3xQ

Here, g := (g1,...gy) With g; : R3 x R3> — R, Q := {n € R® : |n| =
1}7 gk(‘?'avkl,ij) = gk(')'avkl,ij(vaw)a gl(')'awkl,ij) = gl('a'vwkl,ij(vawvn))'
Moreover, priij, ki @ R* X R¥ x R® x Q — [0,00), are given measurable
maps with the property that if (v,w) ¢ Dyu = {(v,w) € R® x R? :
tij,kl(vvw) > O}? then

Pkl,ij(y7V7W7 n) = Tkl,ij(yavawa n) = 0. (2-32>



One assumes that the following properties are satisfied a.e.:
Pri (Y, Vv, W, n) = rp(y, v,w,n) =0 (y > R), (2.33)

Pkl,ij (Y7 VvV, W, 1’1) = pkl,ij(_y7 vV, W, Il),

Tkl,ij(Y7V7W7n) = Tkl,ij<_Y7V7Wa 1’1), (234>
Pkl ,ij (y, VvV, W, n) = pkl,ji()’y W, V, n) = Dlk,ij (y, vV, W, —n), (2-35>
Tkl,ij(}’a V,wW, n) = Tkl,ji(% Ww,V, n) = Tlk,ij (Y7 vV, W, —n). (2-36)

Moreover,

/ O(v, W)pr1,ij (¥, v, W, )1 (Vir,i, Wi,y )dvdwdn =
R3XR3xQ

[ et Wy v iy widvdwdn (237)
R3xR3x

for all (v, ) : R* xR?® — R, provided that whichever side of (2.37) is defined.
The kernels pyij, riri; @ R? X R? x Q — [0,00) carry the information
of the reaction processes. For a gas composed by one species of particles
with elastic collisions, the above system of equations reduces to the so-called
generalized Boltzmann equation.
Our main hypothesis is as follows:

Assumption 1. There exist constants ¢, > 0 and 0 < ¢ <1 such that

/ ki (Y, v, w,n)dn < ¢, [1 + |v[2 + \W\Q}q. (2.38)
Q

Observe that since 7,; and py;; are related by (2.37), then the above
hypothesis is also an implicit condition on py ;.
Under Assumption (2.38), one can show that, at least, formally,

Z / [QF (9)(x,v) — Q7 (9)(x, V)] hi(x, v)dvdx =

N
1
=1 Z /[pkl,ij(}’7v7wan)gk(xavkl,ij)gl(x+Yawkl,ij)



—7r1,55(Y, vV, W, n)gi (X, v)g; (X + y, W)]
X[hi(x, v)+h;(x+y, W) —hi(X, Viij) —hi(x+y, Wi ;) |dxdydvdwdn (2.39)

for all g=(g1,...gn) and h=(hy, ...hy), with g;, h; > 0, for which the integrals
are defined. Here, D := R? x R? x R3 x R3 x Q. The last property follows
by applying (2.27), (2.28), (2.32)—(2.37), as well as the invariance properties
of the sums in (2.39), with respect to the change of variables (x,y,n) —
(x',y’,n') := (x +y,—y,—n), and a suitable interchanges of summation
indices.

At least, at formal level, property (2.39) implies the bulk conservation for
mass, momentum, and total energy,

N N
> / VY (x,v) fi(t,x, v)dxdv = Y / U9 (x,v) £3(0, x, v)dxdv
: R3xR3 ; R3 xR3

=1 =1

(2.40)
(0 < j < 4), where f;(t) are the components of the solution f of Eq. (2.29),
and

\I/,EO)(X, V) i=m,, \1154)()(, V) i=m; |V\2/2—|—Ei, \Ilz(-j)(x, v) == m,v; (2.41)

(7 =1,2,3), with v; are the components of v.

2.4 A model with inelastic collisions and chemical re-
actions

In this example, we consider an abstract system of a Boltzmann-like phe-
nomenological equations, [9, 10, 14], for a multi-component reacting gas
of particles with internal states and discrete values of the internal energy.
Thinking a real gas mixture of particles with internal structure as a mixture
of several chemical species of mass points with unique internal state, one can
assume that any gas particle of the model has only one internal state. Specif-
ically, the model refers to a gas consisting of N chemical species. A particle
of speciesn = 1,2, ..., N is characterized by mass m,, > 0 and internal energy
E,,. Without loss of generality, one can assume that £, > 0,1 <n < N.
It is assumed that the chemical reactions are induced by inelastic (possibly)
multi-body, instant collisions. A reaction is identified with a couple («, 3) €
M x M, where M := {7 = (7n)1<n<n | 7 € {0,1,..., K}} is a multi-index
set. Here o = (avq,...,any) € M and § = (#,...,0n) € M designate the

10



pre-collision and post-collision channels, respectively, with 0 < «,, 3, < K
participants of species n; 1 < n < N. Any couple of the form (v, ) € MxM
is identified with a multi-body elastic collision with =, collision partners of
species n; 1 < n < N. The number of particles in some channel v € M is
ly| == ZZ]\LI ~;. The family of chemical species participating in channel v is
denoted by N(7) :={i:v; >0,1<i < N}

Let M,, V,(w) and W, (w) denote the total mass, velocity of the mass
center and total energy, respectively, for the particles in channel 7, i.e.,

N
M, = Z%mi, (2.42)
i=1

V,( = Z E:mzwu7 (2.43)

ZGN(’Y) Jj=1
> Z(z—lming + Ej), (2.44)
iEN(7) J=1
where W = ((Wk)ic(1,....ax} JkeA'(y) Tepresents the ensemble of velocities of

the particles in channel v. Then, the kinetic energy of the particles (with
velocities w) in channel v, relative to the frame of the mass center, reads

Wy (w) = W, (w) — 2V W)” Zmz (2.45)

Obviously, W, ,(w) > 0.
A gas reaction (o, 3) may take place only if it is consistent with the
conservation of mass, momentum and energy, i.e.,

M, = Mg, V,(w)=Vgz(u), W,(w)=W;s(u). (2.46)

We will assume here that elastic collisions are always present. Therefore,
the set Cpy == {(a, ) € M x M : M, = M3} is nonempty.
The Boltzmann-like system of equations for the above model is

) . .
i = QI - @ (). (247

Here the unknown f; : Ry xR3 — R, is the one particle distribution functions
fi = fi(t,v) (t-time, v-velocity) of the particles of species 1 < ¢ < N. In

11



Eq. (2.47), Qf (f) and Q; (f), with f := (f1,..., fn), are the so-called loss
and gain (nonlinear) operators for the particles of species i, respectively.
Formally,

Qo) = ¥ o / D (W, n)(g” 0 ug.)(w,m)] . __ dvwdn,

a,feEM RSIQPSXQﬁ o
(2.48)
GO =Y a [ Faalwgow,,  dwdn,  (@20)
a,ﬂGM R3|D“73><Qﬂ

where N
g'(w) = H Hgi(wm), vEM, (2.50)
€N (y) =1

), is the unit sphere in R3=3 with v € M, and dw; is the Euclidean ele-
ment of area on {w €R?°l | w; ., = v}. Here, the functions ug, € C(R*l x
Qp; R3P), and the measurable functions 754, pga : R34 x Qg — R, are
given.

The following conditions are assumed ([9, 11, 14]):

(B1) 730 = Pga = 0 unless: |a] > 2, |G| > 2, (o, 3) € Cpy, and W €

N

Dg,a = {Wl € R3|a| . WT7a<W,) + Z:l(Oéz — 62)Ez > O}

1=
(By) For each i € N(a) fixed, pso(w,n), 75,(W,n), and ug,(w) are
invariant with respect to the interchange of the components w; 1, ..., w; o, of
w.
(Bs) If (o, B) € Cyr, w € Dj,, then

(Vsouga)(w,n) =Vo(w),  (Wsouga)(w,n) =W (w), (2.51)

for all n € 3, and

Pg.o(W,n)o(w,n)(¢ oug,)(w,n)dwdn =

R3le| XQﬁ

= / ro3(W,n)(p 0o u,g)(W,n)y(w,n)dwdn, (2.52)

R3I18IxQy
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for all ¢ : R3°l = R and ¢ : R — R, for which the integrals are well
defined.

We suppose that the reactions are reversible, i.e., if 73, # 0 for some
(o, 3), then also r, g # 0.

From (2.52), it follows that ps, and rs, are related one to another.
Indeed, a more explicit relationship between ps, and 75, can be derived, as
it results from a general example constructed in [9, 14]. Note also here that if
one assumes a mono-component gas of particles with binary elastic collisions
(ie., N =1, K =2, and pgo = 130 = 0 unless o = § = (1,1)), then Eq.
(2.47) reduces to the space homogeneous classical Boltzmann equation

9 . )
SF=Q () -Q (). (2.53)
where
QH(f)(v) = / o(v, w,n) f(v') f(w')dwdn, (2.54)
R3xQ
Q (Hv) = / o(v, w, n) f(v) f (w)dwdn. (2.55)
R3xQ

The notations are f = f(¢,v) — the one-particle distribution function, v/ =
v—(v—w,n)n,w =w+ (v—w,n)n, and n € Q — the unit sphere in
R3. Here, the Boltzmann collision law ¢ is a positive measurable function
(depending, in our case, on v and w through the variable v — w).

The last condition of the model concerns the behavior of 75, (see [9]):

Assumption 2. There are some constants 0 < ¢ <1 and c, > 0 such that
Vg.o(W) = / To(W,n)dn < ¢ (14+Wo(w))? (we R ae), (2.56)
Qs

for all a, B € M.

Obviously, v3.(W) = 0, unless (o, 8) € Cu.
A consequence of (By), (Bs) and (2.56) is the key equality

> [ W00 -] dv=0 0. (25])
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for all g = (g1, ..., gn) with (1+ |V|2)1+qgi € LY(R3:dv),i=1,2,..., N. Here,

VO) i=m;, U (v) = %mi VP + B, U9(v):=mu; (1<i<N),
(2.58)

where v; is the j-component, j = 1,2, 3, of v. Equality (2.57) implies, at lest

formally, the bulk conservation of mass, momentum and total energy.

2.5 A nonlinear von Neumann-Boltzmann equation

Besides classical models, we can also consider ”quantum” kinetic models with
monotonicity properties similar to classical ones.

Let X = 7 (H) be the space of trace class selfadjoint operators in some
separable Hilbert space H. On X, we consider the order F' < G iff (f, F'f) <
(f,Gf),¥Yf € D(F)ND(G). Let ||F| := Tr(]F|) be the norm on X.

For some orthogonal base {eg, €1, ...} C H, define the selfadjoint operator

H = Zﬂz’(ez‘, )ei, (2.59)

1>0

where {{,}, C R. Let {U'}cr denote the continuous group of positive
isometries on X, given by U'(F) := exp(—iHt)F exp(iHt), i = v/—1. Con-
sider a second sequence, 0 < \g < A1 < Ay < .. Al < Ay . S 00, as
n — oo. Let {V'},o, be the Cj semigroup on X, defined by

(es, VI(F)e;) := (VI(F))iy = expl—(1 + Nidij)t] Fy (2.60)

where Fj; := (e;, Fej), and let the infinitesimal generator of {V'} , be
denoted by (—A). Then

(A)Z,](F) = (1 + )\i(gi,j)ﬂ’j, (261)

hence A > I. Clearly, U" leaves D(A) N X invariant and U'A = AU on
DA)N X,

Now we can consider the following example of nonlinear von Neumann-
Boltzmann equation X (see also [12]):

% +i[H,F] = Q" (F)—Q (F) (2.62)
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with Q* : D(A) C X — X given by

2

Q (F) = Fo,oTr<AF><_Z P), (2.63)
and
QT (F):= Q (F)+ L(F), (2.64)

where P; := (e;,-)e; and
L(F) = FooTr(AF)(D & P). (2.65)
i=0

Here, Eop = € (/\1 — /\0)_1 ()\2 — /\0>_1, g1 = —5()\1 — /\0)71 ()\2 — )\1)_1, E9 =
o — X)) P Aa—A) hand 0 < & < (Mg — A1) (Ao —A2). Thus Q* are
positive operators, and a simple computation gives

TrQ"(F) = TrQ (F) (2.66)
for 0 < F € D(A), and
TH(AQ™)(F) = Tr(AQ)(F) (2.67)

for 0 < F' € D(A?), so that both TrF(¢) and Tr(AF)(t) remain constant with
time.

3 General theory

3.1 A monotonicity result for the classical Boltzmann
equation
Before proceeding to a more general analysis, we start with a relevant exam-
ple - the Arkeryd’s monotonicity result for the Boltzmann equation ([2]).
Specifically, in [2], the main interest is to solve the Cauchy problem for

the space homogeneous Boltzmann equation (2.47) in the positive cone L%
of L' = L'(R3, dv), namely

SI=QUN=QUN-Q ) FO=h20020 31
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with Q% defined by (2.54) and (2.55), respectively.
The basic hypothesis is that the collision kernel ¢ satisfies

g(v,w,n) < C,(1+ [v[*+|w[") (0<A<2), (3.2)

for some constant C;, > 0. The initial data f; is supposed to satisfy (at least)
the condition of finite mass and energy, i.e. || fo||, < oo, where

loll = / 1+ [vP) lg(v)] dv. (3.3)

Unfortunately, under condition (3.2), the operators Q* are too singular to
allow for applying general methods to the above problem. The idea of [2]
is to approximate Q% by collision-like operators Q= with bounded (hence
simpler) kernels ¢, (v, w) := min{q(v,w),m}, m=1,2,....

Thus one starts by solving the simple model

d _
P =Qu(N = Qi) ~ @l SO =fo (620 (34)
Note that, since (3.4) is a Boltzmann-type equation, then for "many” g € L*,

/ i) Qumlg)dv = 0, (3.5)

where @o(v) = 1, ¢;(v) = v; , i = 1,2,3, ¢4(v) = |v|*>. An immediate
consequence is that for any solution f = f(¢,v) of (3.4),

1F @Ol = [[follo (¢ =0). (3.6)
Moreover, if also || f(t)]], < oo, then
LF@)ly = [l foll,- (3.7)

Writing the solution of (3.4) as f,,, one could hope that if m — oo, then

fm converges somehow to a solution of the original problem (3.1). Another

key point in the analysis is to use the above equalities as a priori estimates

in order to replace (3.4) with other (somehow equivalent) equations, more

suitable for monotone iteration with respect to the natural order of L!.
Thus, one can first prove the following result ([2]).
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Proposition 1. There exists a unique non-negative solution fn(t,v) € L'
of (3.4) for every 0 < fy € L.

Proof. By (3.6), the positive solutions (in L') of (3.4) are exactly the
positive solutions of the equation

ST+CIRl S = Qulh) + CIAWN f J0)=fo t20), (39

which satisfy equality (3.6). Here C' > 0 is some constant. Let v(t) :=
exp(—C' || foll, ). Since the operators QF are locally Lipschitz in L', (3.8)
has a unique local solution f,,(¢), which is also a unique local solution to the
mild equation

£() = o(t) fo + / ot = $)Qu(£)(S) + CIFS F(5)ds. (3.9)

Define the sequence {f}, by

fL=0, =t for / 0(t=8)[Qu(F2)(8)+C 2]y £2(5))ds. (3.10)

If C'is sufficiently large, then the operator X 3 g — Q. (9)+C |lgllp9 € X
is positive. Then the sequence {f(¢)}, is positive and increasing in L*. A
simple induction, making use of (3.5), gives || f5(¢)|l, < | foll,- Then by
the monotone completeness of L' (Levi’s theorem) {f7(¢)}, is convergent,
its limit ¢g™(t) satisfies (3.9), and ||gm(t)l|, < [|foll,- But by virtue of the
uniqueness of the aforementioned local solution f,,(t) (of both (3.8) and
(3.9)), clearly g,,(t) = fim(t) > 0 for t small enough. Moreover, g™(t) extends
fm(t), as the unique solution of (3.8), for all £ > 0. It remains to show that
this solution satisfies (3.6). To this end, one integrates (3.8), with f,, as
solution, and rearrange conveniently the resulting expression as

fut / Qi (fu) () + C 1 follg fon(8))ds =

= fo +/0 (@ (fm)(8) + C [ fm(8)llg fin(s5)]ds. (3.11)

As f(t), QE(fn)(t) > 0, invoking the additivity of the L' norm, and the
property || fm(t)]ly < |/ foll,, one finally obtains

0 <|follo = lfm(@®lly < € ||f0||0/0 [ follo = 1 fm(5)llo)ds. (3.12)
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Thus by Gronwall’s inequality,

[ fm(®)llo = Il follg, (¢ =0) (3.13)

so the proof is concluded. [J
An induction involving (3.10), and making use of (3.5) also shows ([2])
that if f,, is as in Prop. 1, and (1+|v|*)fo € L, then (1+|v|*)f,, € L', and

1@y = [[folly (¢ =0). (3.14)

Another important property is the following estimation, uniform with respect
to m (see [2]): for any t. > 0,

[ @, < K llfoll, (0<t<t), >4 (3.15)

for some number 0 < K = K(t., |/ folly,Cy,1). The proof (see the slightly
more general Prop. 1.3 of [2]) is inductive, and applies (3.10) and the basic
inequality

[0+ v Qutpav <

< gcqﬁl[ﬂfm(t)llm_e 1 Fmn()llg + 1 O | Vg (3.16)

valid for some 3 > 0 and for any 0 < 6 < 2. Inequality (3.16) follows (see,
e.g., [2]) from an elementary inequality due to Povzner, [23], and will be also
called Povzner inequality!.

One can prove that f,, converges to a solution of (3.1), under a stronger
condition on fy than in Prop. 1. Indeed, one has ([2])

Proposition 2. If || fol|, < oo for some | > 4, then there exists a unique
solution f > 0 of problem (3.1) such that (1 + |v|')f(t) € L'. Moreover,
NfF @Oy = lfolly (t>0), and for any t. > 0, there is some number K =
K (b [ olly 1) such that £(1)], < 5 [[foll, (0 <t<t.).

Proof. Consider the equation,

S PR = Qo). FO)= fo (12 0) (3.17)

IPovzner-like inequalities can be also proved for the models presented in the previous
sections.
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where h(v) := C(1 + |V|2) | fo(v)|l, and Q% (f) :== Qm + hf.
If f,, is as in Prop. 1, but fy is as in Prop. 2, then f,, is also the unique
positive solution of Eq. (3.17), which satisfies (3.14). Further, consider

CFEhT = Q0. FO) = fo (12 0) (318)
where Q4,(f) = Q4 () ~ Q~(f) +hf.

Let V(t) := exp(—th). One can introduce recurrences similar to (3.10),

~ . ~ . t . ~ .
Fi =00 B =Vt [ VE- Q06 (=1 i=ab
0
(3.19)
Under condition (3.2), if C' > 0 is sufficiently large, the operators Q' are

positive and isotone so that the sequences {]f“;m(t)} are positive and in-

creasing (i = a, b). Moreover, if 0 < (1 + |v|*)g € L, then Q2 (g) > Q%.(9)
and Q° (g) > Q?(g) for all m, 0 < 7 < m. Using the above properties, one
finds by induction that

0< 7)< Fu (1) < FRo(t) < fu(t); 0<j<m. (3.20)

Hence, the increasing sequences {}};m(t)} are convergent. Note that if we

—~n,b
set fpn(t) == limy oo firn (1), then 0 < f2(t) < f.(t) < fu(t): 0<j<m.
Then {f2,(t)} isincreasing and || f2,(t)||, < I foll,, hence {fZ,(¢)} converges
to some limit f(¢), as m — oo, and

1Ay < (1ol - (3.21)
Moreover,
CF R = QU+ b (322)
and, by (3.15),
IFOl < Kl foll, (0<t<t), =4 (3.23)

Thus f is a solution of (3.1) if there is equality in (3.21). This can be proved
by estimating s,, := fm — f2(t). Indeed, as f,, is the solution of (3.17),
(3.18), one can write

st s = Q) — Q1) (324
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A short computation, which takes advantage that s,, is non-negative, and
applies (3.23), gives (under hypothesis (3.2))

[sm ()]l < tCK ||fo||40§u§t I5m(8)lly + (1) (3.25)

as m — oo (with C' > 0 sufficiently large, and K, t, as in (3.23)).

Then for ¢ sufficiently small, ||s,,(t)||, — 0 as m — oo, hence ||f(¢)||, =
limy, oo Hf?gb(t)HQ = limy, oo [ fm ()15 = ([ foll,-

To prove the uniqueness part of the proposition, observe that if g > 0
satisfies Eq. (3.1), and if [[g(t)]l, < oo, then [lg(t)]l; = |foll,, But g also
satisfies the mild form of (3.22). Then g > f, by the construction of f. [

Variants of Arkeryd’s monotonicity argument were successfully applied
to other models close to the classical Boltzmann equation, [18], [27], [9], [7].
Thus, developing the above line of reasoning within a more general framework
has become a tempting task. But this is not trivial, and requires new ideas (as
will be seen in this section). Indeed, for instance, too key issues of Arkeryd’s
analysis seem rather specific to the model considered in [2]: a) choice of a
priori estimates; b) construction of suitable regular operator approximations
of the Boltzmann collision operators.

3.2 An abstract model

We begin with some terminology and facts related to Banach lattices ([17,
24]).

The frame of our analysis is a separable AL-space X with norm ||-||, order
<, and positive cone X,. We recall that an (AL) space, is a Banach lattice
whose norm satisfies

lg + Al = llgll + [Ipll - (g,h € Xy). (3.26)

As X is an AL-space, if h : R — X, is Bochner integrable, then property

(3.26) gives
‘ /S h(s)ds|| = /S 1h(s)| ds (3.27)

for any measurable set S of R, the integral being in the sense of Lebesgue.
Examples of AL-spaces are L'-real and the real subspace of self-adjoint
trace-class operators (with trace norm)?.

2 Actually, according to Kakutani’s theorem, [24], every AL-space is isometrically iso-
morphic (as an ordered vector space) to a space of type L!.
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Related to the order of X, we shall also use the standard notations
(9 > h)ye(h < g),aswell as (9 < h)e( h > g)<(g < hand g # h).
AL-spaces are monotone complete, in the sense that any increasing (i.e., di-
rected <) norm-bounded family converges. The norm of an AL-space is
order continuous, i.e., any directed > filters that converges to 0 is also norm
convergent to 0 . A map I' : D(T') C X — X, with D(I') N X, # 0, is
called positive (strictly positive) if 0 < I'g for 0 < g € D(I') (if 0 < I'g for
0 < g € D). Further, I' : D(I') C X — X is called isotone (strictly iso-
tone) if I'g < T'h, whenever g < h (if I'g < T'h, whenever g < h), g,h € D(I').
Obviously, if I' : D(I') C X — X isisotone, 0 € D(T") and 0 < T'(0), then T is
positive. We say that a subset M C X is p-saturated (positively saturated)
if MN X, # 0, and from 0 < g < h € M, it follows that ¢ € M. An
operator I' : D(I') € X +— X will be called o-closed (closed with respect
to the order) if for any increasing sequence {g,} C D(I") such that {g,} is
increasing and convergent (in symbols, /) to some g, and {I'g, } is Cauchy,
one has g € D(I') and lim,, ., I'g, = I'g. Clearly, any closed mapping is
o-closed.

We recall (see, e.g., [16]) that if I' : D(I') C X — X is a closed linear
operator, then

r /S h(s)ds = /S Th(s)ds. (3.28)

for any function A Bochner integrable on some measurable set S € R, with
values in D(I'), and such that ['h is Bochner integrable.

We recall that a positive Cy semigroup on X is a Cy semigroup of pos-
itive linear operators on X. If {S'},.  is a positive Cy semigroup on X,
then its infinitesimal generator G is densely defined and closed (as the in-
finitesimal generator of a Cy semigroup). Moreover, G* is densely defined
and closed, kK = 2,3,... . Additional useful properties are collected in the
following lemma.

Let I denote the identity on X. Set DX(G) := N2, D(GF) N X,

Lemma 1. ([11))
a) The sets D(G*)N X, k=1,2,..., and DX (G) are dense in X.
b) Suppose that there is some number v > 0 such that
(G+~1)g<0 (9€DGE)NX,). (3.29)

Then D(G*)N X4, k = 1,2, ..., and D=°(G) are p-saturated. Moreover, for
any h € X4,
0 < S'h <exp(—vyt)h (t>0), (3.30)
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and there is an increasing sequence {h,} C DY, such that h,, /" h asn — oo.

Motivated by the examples of the previous section, it is of interest to
consider the following abstract i.v.p., [11],

S eQuN=Q N -@ (D), O =feX, (>0, (33

formulated in X (the particular autonomous case is not excluded).

In Eq. (3.31), Q" and @~ are mappings defined from R, x D to X, for
some D C X such that DN X, is dense in X}.

The following properties are assumed for Q=:

a) For a.e. t > 0, the operators Q*(¢,-) : D — X are positive and isotone.

b) The mappings R, > ¢t — Q*(t,g(t)) € X, are measurable for any
Lebesgue measurable function g : Ry — X that satisfies g(t) € DN X, a.e.
on R,.

c) For a.e. t > 0, the operators Q*(,-) are o-closed and their common
domain D is p-saturated.

We are interested in the existence and uniqueness of positive (i.e., in X )
strong solutions of Eq. (3.31) under additional hypotheses which abstract
further properties of the Boltzmann model.

We recall that a function f: R, — X is a strong solution of Eq. (3.31),
if it is absolutely continuous on R, differentiable a.e. on R, satisfies Eq.
(3.31) a.e. on R,, and verifies the initial condition. Equivalently, f is a
strong solutlon of problem (3.31) if it is solution of the integral equation

= fo+ /Q ds (t>0), (3.32)

where the integral is in the sense of Bochner.
We also consider the following problem related to Eq. (3.31)

df
dt

with @ as in Eq. (3.31). Here A is the infinitesimal generator of a Cy group
of positive linear isometries on X, which commutes with A.

We are interested in the existence and uniqueness of mild solutions of Eq.
(3.31) in X, i.e, solutions of the integral equation

= Af+Q.), f0)=foe Xy (t>0), (3.33)

() = Utfo + / U=Q(s, f(s))ds (¢ >0) (3.34)
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in X, where {U'},.p is the Cy group of positive linear isometries on X,
generated by A (the integral is in the sense of Bochner).

As the above model is still too general for developing an existence theory
of solutions, additional hypotheses are needed. The examples of the previous
section suggest to assume some sort of dissipation (conservation) property,
[11]. This claims the existence of a positive, densely defined, closed linear
operator A : D(A) C X — X such that, for any positive solution f(t) €
D(A?) of Eq. (3.31), the quantity ||Af(t)|| is dissipated (conserved), i.e., is
decreasing (constant) in ¢, and ||A%f(t)|| is locally bounded in ¢. The "law
of decrease” of ||Af(t)|| can be used as a "natural” a priori estimate. In
particular,

[IAF@ON < IASoll - (2= 0). (3.35)

To be precise, we introduce the following ”dissipation” property ([11]).
Let M be a subset of DN X, dense in X,.

Definition 1. ([11]) A closed positive linear operator I' : D(I') C X — X is
called of type D on M (with respect to Eq. (3.31)) if M CD(T'), Q*(t, M) C
D) a.e. on Ry, and for any g € M,

0< Al gL, Q) =|TQ (t,9)] — |TQ(t,g9)|| (>0 ae). (3.36)

If T' is of type D on M, then the following property can be easily estab-
lished by making use of (3.27) and (3.28).

Lemma 2. ([11]) Let gy, g(t), h(t) € M, t > 0 a.e., with Q=(-, h(-)),
FQi(7h<)) = Llloc(R+;X+>7 and

o0 <0+ | Qs h(s))ds (¢ 0). (3.37)

Then
ITg(t)] + / As.h(s):T,Q)ds < [Tgo (2 0).  (3.38)

Moreover, (3.38) holds with equality sign for any t > 0, provided that there
is equality in (3.37) for all t > 0.

3This can take various forms in applications, depending on the form of A and Q, e.g.,
conservation energy, in the case of the model of [2].
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On the other hand, in determining the behavior of [|[A%f(t)||, a major
role appears to be played by the Povzner inequality (3.16). This has to be
somehow included in the model.

Now we are in position to complete the setting of Eq. (3.31) with addi-
tional hypotheses, making more precise the above considerations.

Specifically, we assume that there is a linear operator A : D(A) C X +— X,
with D(A) C D and Q*(¢t, D(A*)N X ) C D(A*1), t >0 ae., k= 2,3, such
that:

(Ag) The operator (—A) is the infinitesimal generator of a Cj semigroup of
positive linear operators on X, and there is a number A\g > 0 such that

(A=XI)g>0 (g€DA)NX,). (3.39)

(A;) For a.e. t >0,
Alt,g) == At g; A, Q) >0 (g€ DA*)NX,), (3.40)
and the map D(A*) N X, 3 g — A(t,g) € Ry is isotone.
(Ag) There exists a non-decreasing convex function a : R, +— R, such that
a(l[Agl)Ag —Q(t,9) 20, (geDA)NX,, t>ae) (341

and for a.e. ¢t > 0, the map D(A) N X, 3 g — a(||Ag])Ag — Q (¢, 9)
€ X is isotone.

(A3) There exists a non-decreasing function p : Ry — R, and there is an
operator A; : D(A;) C X — X of type D on D(A?) N X, such that

—A(t,g;A%,Q) < p(llAugl) [[A%g]] (9 € D(A’) N X4, t >0 ae.).
(3.42)

Some remarks are in order.
First, observe that if g € D(A%) N X, then by (3.39), (3.40) and (3.41)

we have the simple inequalities
lgll < Mg I1Agll < Ag” [|A%| (3.43)

and
QT (L, )| < AH[AQT( 9)|| < A [|AQ™ (L, 9)|| <
< a([[AgIDA" [[A%g]] < a(AGH[[A%g|DAGT [[A%g]] >0 ae), (3.44)

with the following obvious consequences.
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Remark 1. Q*(¢,0) =0 and A(t,0) =0 a.e. on R,.
Let A := 1.

Remark 2. If g : R, — X, is measurable, with g(t) € D(A*), t > 0, a.e.,
and [N%g]| € L (R.), then g, A¥+g, and AQ* (- g()) are in L, (Ry: X.)
k=0,1.

Lemma la) and (A) imply that D(AF) N X, k = 1,2, ..., and DY :=
D(A) are p-saturated and dense in X, . Obviously, (3.39) shows that A is
positive. Thus, by (3.40), the operator A is of type D on D(A?) N X, . This
has the following important consequence.

I /(1) € D(A?), £ > 0, a.c., and if Q*(-, f()), AQ*(-, f()) € MRy X,),
then by (3.38), applied with equality sign,

IAF()] + / Als, f(s)ds = [Afoll (¢ 0). (3.45)

Thus [[Af(t)|| is decreasing in time and satisfies (3.35). In particular, if
A(t,g) =0 for all g € D(A*) N X, ¢t > 0 a.e., then |Af(t)]| is conserved for
all t > 0.

Observe that inequality (3.42) is of the form

At g1, Q) < pr(llArgl) [[Tgll - (9 € My, £ 20 ace), (3.46)

where I' : D(I") C X +— X is some positive linear operator, and M; C D(I')N
D(A%) N X, is such that Q*(t, M;) C D(T), t > 0 a.e., while pr : Ry — R,
is some non-decreasing function.

Formula (3.45) generalizes a priori estimates introduced in e.g., [2, 7, 8,
9, 27]. Formula (3.46) can be regarded as an abstract correspondent to the
Povzner inequality, [2, 23].

We finally remark that the above setting does not exclude the case Ay = A
when, obviously, some of the above conditions become redundant.

3.3 General results on the existence of solutions

We are now in position to state some results ([11], [13]) on the existence
of solutions to our abstract model. The proofs will be sketches in the next
subsection (for more details, the reader is referred to [11] and [13]). First we
consider problem (3.31).
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Theorem 1. Let either of the following two sets of conditions be fulfilled:

a) QT (£, DX) C DX, t > 0 ace., AFQH(-, DX) C LL (Ru: X4), k=12, ..
. In problem (3.31), fo € D(A*) N X .

b) The operators Q* do not depend explicitly on t. In problem (3.31),
foe DA N X,.

Then there exists a unique positive strong solution of the i.v.p. (3.31)
such that f(t) € D(A?) for any t > 0, and ||A?f(-)|| is locally bounded on
R, .

Moreover, f,Af € C(Ry; Xy). Furthermore, f satisfies Eq. (3.45) and

[A2F ()] < explp([[Afol)t) ||A%fol] (¢ >0). (3.47)

Note here that Theorem 1a) is also applicable to the autonomous case,
but, clearly, its conditions are different from those of Theorem 1b).

Theorem 1 has an immediate noticeable consequence, as follows:

Consider Eq. (3.33) and let {U'},.; be the Cy group of positive linear
isometries on X, generated by A.

If f is a solution of (3.34), then setting F'(t) := U " f(t) in (3.34), we get

F(t)= fo+ / Qu(s, F(s))ds (t>0), (3.48)

hence, by differentiation,

A QU F) = Q6 F) = Qa(t, F), F(0)=fo (t>0 ae), (3.49)

dt
where Qu(t,-) = U*Q(t,U") and QF(t,-) := UtQ*(t, U.).
Suppose that U'D(A) = D(A) and U'A = AU" on D(A) for every ¢t > 0.
Also, let U'D(A;) = D(A1) and U*A; = A U* on D(A,) for all ¢ > 0.
Now Qﬁ and Qp are well defined as maps from R, x D(A) to X, the last

equation is of the form (3.31), and we can state the following consequence
([11]) of Theorem 1la):

Corollary 1. Let Q" (t, DY) C D, t > 0 a.e., and A*Q* (-, U g) € L, (Ry; X)
forallg e D, k=1,2,... . Suppose that fo € D(A*) N X, in (3.33). Then
problem (3.33) has a unique positive mild solution f such that f(t) € D(A?)
for any t > 0 and |A*f(-)|| is locally bounded on R,. Moreover, f,Af €

C(Ry; X4). Furthermore, f satisfies (3.45) and (3.47).
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The following result, [13], extends the existence of strong solutions of Eq.
(3.31) to the case of initial datum f, € D(A) N X, (instead of D(A%) N X,
as assumed in Theorem 1).

Theorem 2. Under the assumptions of Theorem la) on A and QF, let
fo € D(A) N X, in Eq. (3.31). Then there exists a strong solution, f €
C([0,00); X4), of the i.v.p. (3.31). Moreover, for any t > 0, f(t) € D(A),
[Af@OI < [|Afoll, and

LA @1 = [l +/O Q" (s f()| = [[Q (s, f(5))]] ds. (3.50)

Note here that if f is as in Theorem 2, we know only that f € D(A)NX,.
Then A(t, f) and A?f may not be not well-defined. Therefore, we cannot
obtain inequalities of the form (3.45) (except the case when A = 0 on D(A?)N
X,) or like (3.47), at the level of abstraction of the theorem.

Also remark that Theorem 2 leaves open the question on the uniqueness
of the solution in the general case (under the conditions of the theorem).

However, uniqueness can be proved under additional conditions, [13].

Proposition 3. If A(t,g) =0 for allg € D(N))NX,, t — a.e., then
IAF@OI = [[Afoll (¢ =0), (3.51)

and there is a unique solution of the i.v.p. (3.31) as in Theorem 2, which
satisfies (3.51).

A similar result like Corollary 1 can be formulated for Theorem 2.

The following proposition yields additional useful estimates, [11], for the
solutions of Eq. (3.31). For simplicity, we remain in the conditions of Theo-
rem la). However, similar results are valid when Theorem 1b) holds, as can
be seen by inspecting the proof of the proposition.

Assume that ' : D(I') C X — X is a closed, positive linear operator. Let
f be a solution of problem (3.31), provided by Theorem 1a).

Proposition 4. a) Suppose that I' is of type D on D. Then f(t) € D(I'),
t>0, and
ITF@OI < [ITfoll (£ =0). (3.52)

b) Suppose that I' and pr are as in (3.46), with My 2 D°. Then f(t) €
D), t >0, and

[T < explpr(|AfolDE) ITfoll (& = 0). (3.53)
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In applications, the choice of A and A; may be not unique. In some cases,
the role of A; and I' may be played by suitable powers of A, while, in other
examples, A = A; =T

A correspondent to Prop. 4, applicable to Corollary 1, can be readily
obtained. The modifications in the reformulation of the proposition are ob-
vious and include additional hypotheses for the commutation of U? with T,
ete.

3.4 Proofs
3.4.1 Sketch of the proof of Theorem 1

In the following, we give an insight into the rather lengthy argument of
Theorem 1 (see [11] for a detailed proof), and explain the role of assumptions
(Ao)-(As).

We start by observing that if fo = 0 in (3.31), then, by Remark 1, clearly
f(t) = 0 is a solution to Eq. (3.31). It is the unique strong solution in
D(A%*) N X, as it follows from (3.45). Moreover, if 0 # fo € D(A?) N X,
but a(||Afo]]) = 0, then Q*(¢, fo) = 0, for a.e. t > 0, by (3.44), hence
f(t) = fo is a solution to (3.31). It is the unique solution in D(A?) N X,
because any other solution f*(¢t) € D(A?) N X, must be a.e. constant.
Indeed, applying (3.45), and invoking the positivity and monotonicity of a,
we obtain 0 < a(||Af*()|]) < a(]|Afo]]) = 0. This leads (again by (3.44)) to
Q*(t, f(t)) =0 a.e.

Therefore, one can assume below that fy # 0 and a(||Afol]) # 0.

We first refer to the existence part of the theorem. Inspired from [2],
one can consider the problem

ST allAfDAf = B.1.0). fO)=heX, (20, (350

Here a is as in (Ay), and B is formally defined by

B(t,g,h) :=Q(t,g(t))+a <||Ag(t)|| +/0 A(s, h(s))ds) Ag(t) (t>0 a.e.)

(3.55)
for all g(t) € D(A) N X, and h(t) € D(A?) N X, with AQ*(-, k(")) €
LRy X4 ).

loc
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By (3.45), any strong positive solution of Eq. (3.31) is also a solution
to (3.54). Conversely, any positive strong solution of problem (3.54) is a
solution of Eq. (3.31), provided that it satisfies (3.45).

Recall now that, by (Ag) and Lemma 1b), the operator L = —a(||Afo]|)A
is the infinitesimal generator of a C positive semigroup {V'},.,, and

0 < V'h <exp(—a([[Afol)Aot)h <h (b€ Xy). (3.56)

Thus any solution of Eq. (3.54) is also a solution of the mild problem

() =Vify+ /O VIB(s, f, f)ds, (3.57)

the integral being in the sense of Bochner.
Eq. (3.57) is useful for monotone iteration. Indeed, {V'},,, is positive,
and one can prove* the following properties ([11]).

Lemma 3. Let g;,h;, i = 1,2, satisfy the conditions of Remark 2. Sup-
pose that g1(t) < ga(t) and hi(t) < ho(t) a.e. on Ry. Then B(-, g, hj) €
L (Ry; X ), 4,5 =1,2. In addition, for a.e. t >0,

loc

0< B(t,gl, h1> < B(t,gg, hg) (358)

Thus, formally, by (3.57) one could consider the following iteration, hope-
fully, increasing;:

[) =0, fo(t) =V"fo, (3.59)

h@:Wﬁ+AV”M&hhhg® (n=34,.). (360

Note that if {f,,(t)}, is sufficiently regular, by differentiation, (3.60) gives

d

/() = B, fa1, faz) —al[[Afol)ASu(t)  (8>0 ae., n=>3) (3.61)

and integrating (3.61) one has

fa(t) = fo+ /OtQ(S,fn_l(S))ds—l—

4See the Appendix.
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[ a (I8 [ A7 st ) At

- / a(IASol)A fu(s)ds. (3.62)

However, in general, B(-, g, h) does not exist for all g, h € X. Hence we
need give a meaning to (3.60), at least for fy in a sufficiently large set. Here
comes the role of DY (of D(A*)NX}). Indeed, if fo € D (fo € D(A*)NX),
then one can show that f,(t) € DT (fo € D(A%) N X,), and is sufficiently
regular. This is clarified in the lemma bellow, which summarizes the main
results” of [11] on the properties of {f,(¢)}, .

Lemma 4. a) In addition, to the conditions of Theorem la), let fy € DY.
Then f,(t), Q*(t, fn(t)) € D a.e. on Ry. Moreover, A*Q*(-, f,(})) €
LL (R X)), k=01, n=1,2, ...

b) Assume the conditions of Theorem 1b). Then f,(t) € D(A3) N X,
and Q*(fn(t)) € D(A*) N X, ; t > 0. Moreover, A*Q*(f,) € L} (Ry; X,),
k=012 ,n=12 ..

c¢) In both cases a) and b), A¥f, € C(Ry; X,), k = 0,1,2, and f, is
a.e. differentiable on R, and satisfies (3.61) (and (3.62)). Moreover, for any
t >0, the sequence {f,(t)}, is increasing.

d) If fu(t) is as in a) orb), and n > 2, then

fult) < fot /0 Q(s, fuui(s))ds (3.63)
and .
1AL ()] + / A(s, far(8))ds < [Afoll (3.64)

e) If fu(t) is as in a) orb), and I' is an operator of type D on DT, (on
D(A*)N X, ) then for any t > 0,

ITfa@I < [Tholl  (n=1,2,..). (3.65)
In particular,

A2 £ ()] < exp(p(|Afol)t) [|[A%fo]| (¢=0, n=1,2,.), (3.66)

®See the Appendix for a proof.
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with p as in (3.42).

f) Suppose that f,(t) is as in a) (asinb)). Let ' : D(I') C X — X be
some closed, positive linear operator, satisfying (3.46), with My 2 DY (with
M DDA N X, ). Then for anyt >0,

T < explpr(lAfol)t) ITfoll - (n = 1,2,...), (3.67)
with pr as in (3.46).

By the above lemma, {f,(t)}, is increasing, and the key inequality (3.64)
shows that {f,(t)}, is norm bounded®. Thus {f.(¢)}, is convergent, be-
cause X is monotone complete. One expects the limit to satisfy (3.54) (and
(3.57), too). The proof hinges on the application of Lebesgue’s dominated
convergence theorem to (3.62) (as the operators @Q* are o-closed, and A is
closed). To this end, the limit of {f,(¢)}, must be in D(A?), which follows
from (3.66). Now, to prove that the limit of {f,(¢)}, is a strong solution to
(3.31), it remains to show that the above limit satisfies (3.45). This is done
by applying Gronwall’s Lemma to an inequality to be obtained from (3.62)
(by using (3.66) and the convexity of a). But the above procedure provides
the existence part of the Theorem la) only for f; € D3°, hence one more
step is needed. Since DY is dense in X (cf. Lemma 1), any initial datum
as in the assumptions of Theorem 1a), can be approximated by elements of
DY. This leads to a monotone scheme approximating (3.60) and one can
apply successively Lebesgue’s convergence theorem. In details, one proceeds
as follows.

Step A. If in addition to the conditions of Theorem 1 a), one assumes
fo € DY then Lemma 4 applies. As A* is closed, clearly, by (3.39) and the
monotone completeness of X, it follows that there is some f(t) € D(A¥) such
that A*f,(t) / A*f(t) asn — oo, t > 0, k = 0,1,2. Consequently, f(t)
satisfies (3.47). Moreover, Remark 2 implies that A*f, k = 0,1,2, Q*(-, f(*)),
and AQ*(-, f(+)) are in L}, (Ry; X, ). Then, applying Lebesgue’s dominated
convergence theorem in (3.62) and (3.64), we get

f(t):f0+/0 Q(s, f(s))ds +

Inequality (3.64) motivates the construction (3.60) as a second-order recurrence. In-
deed, except for the case A = 0, an inequality of the form (3.64) could not be proved if
(3.60) was redefined with B(s, fn—1, fn—1) instead of B(s, fr—1, fn—2)-
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# [ a(mrens [ awsenir) ~atisi]| assis @20
(3.68)
(i.e., f is a strong solution of Eq.(3.54)) and, also,

0 <9(t) = [IALoll = [AF@)] —/0 A(s, f(s))ds (1= 0), (3.69)

Obviously, (3.68) implies f,Af € C(Ry; X, ).

Note now the usefulness of (3.68): to prove that f is a strong solution of
(3.31), it is sufficient to show that ¢ = 0 (which means exactly (3.45)).

To this end, first observe that since, by (As), a is non-decreasing and
locally Lipschitz, then inequality (3.69) implies that there is a number 0 <
¢ = c(||Afol]), depending only on ||Afo||, such that

0 < a(Afol) —a (HAf(t)H - A<T,f<T>>dr) <eplt).  (370)

Further rewriting Eq. (3.68) conveniently, and applying A to the resulting
equation, one can invoke (3.26) and (3.27) to obtain

o) = [ [atian o (76 + [ g soar) | 142560 as

(3.71)
As f(t) satisfies (3.47), introducing (3.70) in (3.71), we find

0 < (1) /1/; |A2f (s \ds<cT/¢ ds (0<t<T), (3.72)

for each T' > 0. Here, ¢y > 0 is a number depending only on 7" and f.

Now the Gronwall inequality implies ¥(t) =0, 0 < ¢ < T, for any T > 0.
This concludes the existence part of the proof of the Theorem 1a), in the
case fy € D).

Step B. We use the result of the previous step to prove the existence part
of Theorem 1 a), in the case fo € D(A*)N X, as follows. First note that by
Lemma 1b), there is an increasing sequence { fo;} C D such that fo;  fo,
as ¢ — 0o. Then, by Step A, there is a sequence of strong solutions {F;},
of Eq. (3.31) with F;(0) = fo,, satisfying the properties of the theorem. In
particular,

|2E0)] < exp pAfoil)] [A2foi]| (£20).  (373)
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In addition,

mw;m+AQ@ﬂ@Ma (3.74)
AR = Aa+ [ Qs F)as, (3.75)

and .
nAﬂam+1AzMaPX@m6=nAﬁﬂy (3.76)

Moreover, by Step A, each Fj is the limit of an increasing sequence { f,,;(t)},,
defined by (3.60) with f,;(0) = fo;. But the positivity of V* and Lemma 3
imply that if fo,; < fo;, then f,;(t) < f,;(t) for all n and ¢ > 0. Then the
sequence {F;} is increasing.

Furthermore, since ||Ayfo.ll < ||A1foll, [[A%foill < [|A%foll, and since p is
non-decreasing, it follows from inequality (3.73) that

A2E)] < explp(lAufol)®) [A2A] (¢ > 0). (3.77)

Now a convergence argument, as in the beginning of Step A, implies that
there is an element f € L (Ry; X, ), with the properties stated in Remark
2, such that F;(t) /" f(t) as i — oo, a.e. It remains to apply, say, Lebesgue’s
convergence theorem in (3.74)—(3.76) to conclude the existence part of The-
orem la).

Existence in case b). In this case, Lemma 4 applies, corresponding to the
fulfillment of the conditions of Theorem 1b). Then, the proof is as in Step A
of case a).

Finally, we prove the uniqueness part of Theorem 1.

Let f be the solution of Eq. (3.31) provided by the existence part of this
proof, and recall that it satisfies Eq. (3.45). If F' is another positive solution
of Eq. (3.31) with regularity properties as in Theorem 1, then F satisfies Eq.
(3.45), too, hence

t

|mmm+AA@ﬂmw=Mﬁwwmwm+AA@F@m&

By Lebesgue’s convergence theorem applied to (3.60), clearly, f also solves
Eq. (3.57). On the other hand, F'is a solution to (3.57). But f < F, because
of the form of (3.60), so that

t

MWW+AA@ﬂm®<MﬂM+AA@Hm®
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on some subset of R, with nonzero Lebesgue measure. [

3.4.2 Proof of Theorem 2

As in the proof of Theorem 1, to exclude trivial situations, we suppose the
| foll # 0 or a(]|fol|) # 0. By Lemma 1, there is a sequence {fno}n C DY
such that f,o /" fo as n — oo. Then by Theorem la) the i.v.p. (3.31)
with initial condition f, ¢ has a unique positive solutions F,, € D(A?) N X
such that (3.31) provided by Theorem 1 with initial datum f, o forms an
increasing sequence such that F,,, AF,, € C(Ry; X}),

Fn(t):fn,0+/0 Q*(S,Fn(S))dS—/O Q™ (s, Fu(s))ds  (t=0). (3.78)

and
HAFn(t)||+/O Als, Fu(s)ds = [Afuol| (£ > 0). (3.79)

But A(s, F,,(s) > 0 so that
AN < [[Afnoll < 1ALl (&> 0). (3.80)

Note now that F,, f.o0, Q@*(t, F,(t)) are positive. Then (3.26) and (3.27)
imply

VEa ()] = [l fuoll + / 1Q* (5. Fiu(s))]| ds — / 1@~ (s, Eu(s))|| ds (¢ > 0),

(3.81)

To prove the theorem, we need show that {F,(t)}, and {Q% (¢, F,,(t))},
are convergent, and, then we need to interchange the limits conveniently in
(3.78) and (3.81).

To this end, first observe that since {f, 0}, is positive and increasing,
and each F), is the limit of a sequence of the form (3.60), we obtain by a
simple induction (which uses the positivity and isotonicity of B in (3.60))
that {F),(t)}, is increasing. Thus, by (Ag), the positive sequence {AF,(t)},
is also increasing. Then (Ag) and (3.80) give ||F,(t)]] < Ao ! ||AF,(2)]] <
Mo A Soll < Ao t|[ASoll. Hence, for each ¢ > 0, both {F,(¢)}, and
{AF,(t)}, are convergent, because X is monotone complete. Moreover, as A
is closed, the limit f(¢) of {F,,(t)}, satisfies f(t) € D(A) N X,, and we have
AFE,(t) / Af(t) as n — oo. Then, also {Q*(t, F,,(t))}, are increasing, and
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Q* (1, Fult)) < Q¥(t, /(1)) ac. Tn particular, [|Q*(t, Fa(1)| < |Q*(t, (1)
a.e. Consequently, Q= (¢, F,,(t)) / QF(t, f(t)) as n — oo, t -a.e., because X
is monotone complete and Q*(¢,-) are o-closed t-a.e.

Now, applying (A2) and (3.80) we get

|Q=(t, f()|| = lim [|Q™(t, ()| < a(lAf]l) [Afol (3.82)

a.e., hence Q (-, f) € Li,.(Ry; X).

Thus we can take the limit n — oo in (3.78) and (3.81), and we can apply,
say, Lebesgue’s theorem to the second term of (3.78) and (3.81), respectively.
We obtain

f(t) = fo+ lim Q+ (s, Fn(s))ds —/ Q ( (3.83)

n—oo

and, by (3.26),

!\f(t>\\:!!fo!\+ggrgo/o ||Q+(s,Fn(s>)Hds—/O 1Q (s, f(s))|| ds. (3.84)

Since || f(t)|| < oo for t >0, and Q (-, f) € LL.(Ry; X,), by (3.84), for each
t>0,

lim / ||QJr (s, Fu(s))]| ds < oc. (3.85)

Hence, applying, e.g., the monotone convergence theorem, it follows that
Q7 (-, f) is Bochner integrable and we can finally pass to the limit under the
integral sign in (3.83), (3.84), (3.80), and in (3.79), to conclude the proof of
theorem. [J

3.4.3 Proof of Proposition 3

Equality (3.51) follows observing that A(s, F,(s)) = 0 in (3.79), and taking
the oo limit. As in the uniqueness part of the proof of Theorem 1, the
solution f of (3.31) provided by Theorem 2 also solves the mild problem
(3.57) (but here, A(t, f) = 0 in the expression (3.55) of B, by virtue of
(3.51)). Now the uniqueness follows by an argument similar to the one used
in the uniqueness part of the proof of Theorem 1, taking now advantage of

the property A(s, F,,(s)) =0 (hence of (3.51)). O

35



3.4.4 Proof of Proposition 4

a) Let fo, {foi}, {fni(t)},, and {F;(t)}, be as in Step B of the proof of Theo-
rem la). Then for each i, the sequence {I'f, ;(t)},, is positive and increasing.
Moreover, it is norm-bounded because

ITfui@I < [Thll - (= 0), (3.86)

as a consequence of (3.65) and of the property I'fy; < T'fj.

As X is monotone complete, it follows that {I'f,;(t)}, is convergent for
all 1.

Recall that I' is closed, and f,;(t) / Fi(t) as n — oo, for all . Con-
sequently, F;(t) € D(I') and I'f,,;(t) /" I'Fi(t) asn — oo, ¢ = 1,2,.... In
addition, [|[I'F;|| < [|[I'foll, t > 0,4 = 1,2,.... Then, reasoning as before, we
conclude that f(t) € D), I'F;(t) / T'f(t) as i — oo, and that ||['f]]
satisfies (3.52).

b) The proof of (3.53) follows as in a), with the only remark that instead
of (3.86), we make use of the inequalities

1T fni (D] < exp(pr([[Arfoil)t) T foull < explor(([Afol D) [[Tfll (&> 0),
(3.87)
which are immediate by (3.67), because pr is non-decreasing. [J

4 Applications

4.1 Smoluchowski’s coagulation equation

For k > 0, let L; := Lj(R,;dy) be the space of real measurable functions
g : R, — R such that

lolly = [ (14 o] dy < (1)

Denote L, = {g € L; : g > 0}. Consider problem (2.2) in the space
X = LYRy;dy) (equipped with the usual norm ||| = ||-||,:, and with the
natural order <).

Consider L; as a subset of X. Let ¢ = 0,1 and define the positive linear
operators A : D(A;) C X — X by D(A,) = L, (Acag)(y) = Ni(y)g(y),
with A\;(y) :== (1 +y)", y > 0 a.e., where 7o = 3 and v, = a + (.
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Note that (2.3) and (2.4) define Q7 and @ as positive and isotone non-
linear operators in X, respectively, with the common domain D, := L};.
Then the i.v.p. for (2.2) can be formulated in X as

CF=QuN =QHN Q) TO)=h t>0.  (42)

In this case, one can apply Theorem 1a). The only point is to check that A.;
(i = 0,1) and QF verify inequalities of the form (3.40) and (3.42). Indeed, if
g € Lyg ., then starting from (2.7), we find

0 < [|AeiQz (9)]| = |AeiQ (9)]] =

= 1 /R (T+y)" + 1 +v)" — (1 +y+v.)aly, y.)9(y)g(ys ) dydys,

2 Jre
+
(4.3)
because 0 < v; < 1, and
gl gl 2
(L+y)"+ (1 +y.) > inf LT
(L+y+y) 220 (1 + )7
Inequality (4.3) shows that g — A.(g) := [[AcoQL (9)]] — |Ac 0@ (9)|| defines

a positive isotone map A, : D(A.) — R with domain D(A.) = Ly .
Starting again from (2.7), we find that if g € Léﬁﬁr’ then

[A20Q2 (9)]| = [[A20Qc (9)]| =

0<y<1, yy>0). (44)

N 1/R (L4 y+3)% — 1+ 9% — 1+ 5% a(y, 1.)9(v)g(y.)dydy..

2 Jg2
2
(4.5)
If 0 < 5 <1/2, applying again (4.4) in (4.5), we get
[AZ0Q8 (9)|| = [[AZ,Qz (9)]| < 0, (4.6)

which is of the form (3.42) with p = 0.
If 1/2 < § < 1, then to estimate (4.5), we apply the following form ([11])
of Povzner’s algebraic inequality, which can be easily proved”:

(I+y+y)% —(1+9)% — (1 +3)% <20+y)°(1+1.)"  (y,9. > 0). (4.7)

"Indeed, (4.7) is equivalent to ((z) = 22° + 1+ 22 — (1 + 2)?% > 0 for all z > 0.
However, as ((z~1) = 272%((x), to prove that ((x) > 0 for x > 0, we need only show that
¢(x) > 0 on (0, 1], which is immediate, because 1/2 < 8 < 1.
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Thus, applying (4.7) in (4.5), we find that there is a number ¢ > 0 such
that

[A20Q5 (9)]| = [|A20Qx (9)]] < cllAcagll [[AZog]| - (4.8)
Clearly, inequality (4.8) is of the form (3.42) with p(z) = cx.
Let a.(z) := aox, for some constant ay > 0. If aq is sufficiently large,

then the map L, 3 g — ag ||Acogl Acog — Q2 (9) € X has the properties
required in (As).

It appears that QF, A.o, A.1 and a, verify the conditions of Theorem
la) for Q*, A, A; and a, respectively, provided that aq is sufficiently large.
Consequently, one can apply Theorem 1a) to the i.v.p. (4.2). We obtain

Theorem 3. Let fy € Lyg , in problem (4.2). Then Eq. (4.2) has a unique
strong solution f such that f(t) € Lys ., t > 0, and Hf(zf)HL%[3 is locally

bounded on R, . In addition f,(1+y)?f € C(Ry; LY (R,,dy)),

t
£y + [ Alf)ds = Il ¢ 20) (49)
and there is a constant ¢ > 0 such that

10y, < esplelfolly, ) 1oy, (> 0) (4.10)

Note here that if 0 < 23 < 1, then Theorem 3 allows for the existence
of solutions with infinite initial mass (sce also [22]) i.e., fo € Ljs ., but
fo & Li. The theorem does not imply directly the mass conservation, except
for the case ¢; > 0, # = 1 and o = 0. However, if fy € Lyz , N Ly, then
the solution f(¢) has finite mass: indeed, if T : L] C L' — L' is defined by
(Tg)(y) = yg(y) a.e. on Ry, then clearly, I is of type D on M2, L, ., , hence
Prop. 4a) applies, so that f € Ly, , N Lj, and [T f(2)]] < [T fol|.

Theorem 3 remains valid in the case of the discrete Smoluchowski equation
(2.10), with obvious change in formulation®.

4.2 Povzner-like model with dissipative collisions

Let X = L'(R® x R% dxdv) = L', equipped with the norm ||-|| := |||, and
the natural order <. Denote by L := Li(R?* x R3;dxdv), k € R, the space

8Note that L., defined before, must be now replaced by I}(R) = {c = (¢;) : ¢; ER, j =
1,2, el = 5504 7 leg| < o0}, 72 0.
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of measurable functions on g : R? x R3 — R satisfying
lollg = [ (1 ) e v) dxdy < . (.11
Ry

As before, Ly, denotes the positive cone in Lj. It can be seen that (2.15) and
(2.16) define Qdi as positive and isotone operators on the common domain
D := L!. This follows easily if we perform the change of variable (0, R] x Q >
(r,n) —y :=rne€{zeR?: |z| < R} in (2.15) and (2.16), and then take
into account (2.17).

Now, formulated in X, the i.v.p. (2.14) reads

%f:AerQI(f)—Q;(f), f(0)=fo 20, (4.12)

where f = f(t,x,v) is the one-particle distribution function, A is the in-
finitesimal generator of the Cy group (U'f)(x,v) := f(x —tv,V), a.e.

Let the positive linear operator Ag : L} — X be defined by (Aq4g)(x, V) :=
A(v)g(x,v) a.e. on R® x R?, with A\(v) := (1 + |v[*). Define aq4(z) := coz for
some constant ¢y > 0. If ¢ is sufficiently large, then a4, A; and Qdi verify
the conditions of Corollary 1 for a, A = A; and Q¥ respectively.

Indeed, the operators Qf are p-saturated. Moreover, they are o-closed,
by the monotone convergence theorem. It is immediate that the domain
conditions imposed in Corollary 1 are satisfied. Further, applying (2.12) in
(2.18), we obtain an inequality of the form (3.40), i.e., if g € Lj |, then

0 < Ag(g) == [ 8@y (9)]| — || M@ (9)]| =

R
:/ dr/ m(r,n,v,w,x)g(x,v)g(x + rn, w)dndvdwdx, (4.13)
0 OXR3xR3xR3

where 7(r,n, v,w,x) := 8(n)(1—3(n)) |(n, v — w)|*” P(r,n). Remark here
that the map L}LJF > g — Ay(g) € R is positive and isotone. Moreover, for
co sufficiently large, the map L%Hr 3 g — ¢ l|Aagl| Aag — Q5 (g) € X is also
positive and isotone. Further, to obtain an inequality of the form (3.42), note
that (2.12) gives A(v/)2 + A(w')2 < 24 [V/|* + | w/|P)2 < 2+ |v]* + |w[*)?
= A(v)? + A(w)? + 2\(v)A(w), which can be applied in ( 2.18) to conclude
easily that there are two constants c;, ¢ > 0 such that

8302 ()] - INjQs (0)]| <
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R
< cl/ dr/ P A(VIAW) 2 g(x, v)g(x 4 rn, w)dndvdwdx <
0 OxR3XR3 xR3

< cllAagll [[AZg]]

(4.14)

for all g € Lili, 4. Finally, it is obvious that the group U’ (generated by
A) commutes with the semigroup V! generated by A4, and A*QT(Ug) €
L} (Ry; X,) forall ge ﬂi?zlLi,+, kE=1,2, ...

loc

Therefore, by Corollary 1, we have the following result ([11]):

Theorem 4. Let fy € Ly, in problem (4.12). Then Eq. (4.12) has a unique
positive mild solution f such that f(t) € Ly, t >0, and ||f(t)||L}l is locally

bounded on Ry. In addition, f, (1 +|v|*)f € C(Ry; L"),

t
1Ol + [ Sar6)ds = Ifally (¢ 0), (4.15)
and there is a constant ¢ > 0 such that

1£@®)lzy < explellfolly ) Ifollyy (¢ = 0. (4.16)

The argument of Theorem 4 can be repeated with obvious modifications
to provide a similar result for the space-homogeneous version of Eq. (2.14),
which coincides with the force-free, three dimensional space-homogeneous
Boltzmann model for granular flows, [5, 6].

4.3 Povzner-like model with chemical reactions

Let X := LY(R3 x R?; dxdv)" be equipped with the order < induced by the
order of the components (i.e., the natural order of L'). The norm on X is

defined as
N

N
ol =3 / g:06, ) dxdv = 3 [lgil (4.17)
i=1 s g3 i=1

Denote by L} := L} (R*xR?; dxdv), k € R, the space of measurable functions
g : R3 x R? — R satisfying

k
lollyi= [ (1 ) gl ey (4.18)

R3 xR3
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and let Ly | be the positive cone in Lj.

It is natural to formulate the i.v.p. (2.29) in the space X.

Under the conditions of the model, (2.30) and (2.31) define Q;” and Q; ,
1 < i < N, as operators from the common domain (L)Y C X to L'(R3;dv).
Defining the operators Q3 : (L)Y € X — X by Q3 = (QF,.....,Q%), we
can write the i.v.p. for Eq. (2.29) in X as

SIAA=QHLN - QR f), 0SfO)=feX (#>0), (419)

where A is the infinitesimal generator of the Cy group of isometries {U"}icr
on X, given by (U'f)(x,v) := f((x — tv, V).

Define the positive closed linear operator A : (L)Y — X by (Apg):(v) =
Ai(V)g(v) ae. on R? x R® | where \;(v) :=m; +m; |v|* /2+ E;, 1 <i < N.
One can state the following result ([12]):

Theorem 5. Suppose that in problem (4.19), fo; € LiJr ,1 <7< N.

Then Eq. (4.19) has a unique mild solution f(t) = (fi,..., fx) such that
filt)e Ly ., t >0, and HfZ(iE)HL}1 is locally bounded on Ry, 1 <i< N. In

IAsf(O)l = IAsfol  (t =0), (4.20)
and there is a constant pg > 0 such that
HAJQBf(t)H < exp(po |[Asfoll 1) HA2BfOH (t>0). (4.21)

The above result follows by applying Theorem 1 in the case A = A; = Ap.
Indeed, the domain conditions of Theorem 1, as well as properties (Ag), (A;)
can be immediately checked (with A = 0, owing to (2.38). Next, let ag > 0
be some constant, and define a(z) := agx. Owing to (2.38), for a sufficiently
large, the map L3 , 3 g — ag [|[Apg|| Apg—Q (g) € X satisfies (Az). Finally,
note that, as a consequence of (2.39) (and of (2.37)), there exists a number
po > 0 such that

S [ @+ w02 01 () - @r ()] dxav <

< po ||+ V])all . 1@+ Vgl (4.22)

for, say, all g € (L¢,)".
Then inequality (4.22) gives exactly (Asz) with p(z) := pox.
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4.4 Boltzmann model with inelastic collisions and re-
actions

Let X := (L'(R3;dv))" be equipped with the order < induced by the order
of the components (i.e., the natural order of L'). The norm on X is defined

as
N

N
loll =Y [ law)ldv =3 ol (4.23
i=1 7, =1
Denote by L} = L}(R*dv), k € R, the space of measurable functions
g : R? x R? — R satisfying

k
91l 1 ::/R (14 v[*)? lg(v)dv < oo (4.24)
+

and let Ly | be the positive cone in Lj.

It is natural to formulate the i.v.p. for Eq. (2.47) in the space X. Under
the above conditions, (2.48) and (2.49) define Q; and Q;, 1 < i < N,
respectively, as operators from the common domain D = (L)Y C X to
LY(R3;dv). Defining Q3 : D € X — X by QF = (QF,.....,Q%), we can
write the i.v.p. for Eq. (2.47) in X

SP=Qb) - Q). FO)=fo= (o ox) € Xy (425)

We shall prove the existence of solutions to problem (4.25), by applying
Theorem 1la) (in the case A = A;). To this end, let the positive closed
linear operator Ap : (L3)Y +— X be defined on components by (Agg)i(v) =
Xi(V)g(v) a.e. on R® x R3, where \;(v) := m; +m; [v]> /2+ E;, 1 <i < N.
Denote 1,(w) 1= > ,crry) 2o Ai(Wiy); v € M. Then clearly, I,(w) =
M, + W, (w), hence

0 < W,(w) < ly(w). (4.26)

In addition, defining A\?"(w) := [ ;o) [ 121 Ai(wiy), v € M, we have
1 (w) < [y EPXT(w), (127)

where E := min{m; + E; : 1 < i < N}. It is useful to remark that, since
W,(w) > E|y| >0, and 0 < g < 1, then by (2.56), (4.26) and (4.27),

Vso(W) < CA*(w) (we R ae), (4.28)
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for all o, 3 € M. Here C' = C(FE,K) > 0 is a number depending on F and
K (recall that K is the maximum number of partners in a reaction channel).

To apply Theorem 1a) to (4.25), first remark that Q% and Ap verify the
domain conditions imposed to Q* and A by the theorem. Moreover, Ag has
the properties required for A in (Ag). Further, observe that formula (2.57)
provides a correspondent to (3.40), specifically,

Ap(g) = ||AsQ5(9)|| — |AsQE(9)]| =0 (g€ (L1 )"). (4.29)

To obtain a correspondent to (3.42), let s, (W) := >, v T (W)

Next, using the definition of @} and property (Bz), and applying the obvious
inequality s (W) < lo(W)?, we find that if g € (L§ )", then

HA H - Z / $a(W)pg.a(W,n) (gﬁ o ugq)(w,n)dwdn <
a, ﬂEMR3\a|><QB
<> / la(W)*pg.a(w,m)(g” 0 ugo)(w, n)dwdn. (4.30)
a’ﬂEMR3\a| o

We apply property (2.52) in the last integral. Then interchanging v and g,
we get

AZQE(9)]| < Z / (lgoug.qa)?(wW,n)rg o(w,n)g*(w)dwdn. (4.31)
@PE Mpalalxa,

Since lg(w) = Mgz + Ws(w), property (Bs) implies that (Ig o ug,)(w,n) =

lo(w) for all (o, §) € Cyr, w € Df .. This and (By) enable us to deduce from
(4.31) that

12050 < / o (W)2rga(w, n)g®(w)dwdn.  (4.32)

(X’BGMRMD“ XQ@

Now, using the definitions of ,(w) and @), and then, taking advantage of
(2.56) and (4.26), we obtain from (4.32)

1A5Q5(9)]| <
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< ) Sa(W)rg.a(w,n)g%(w)dwdn + ps(||Asgl) [ ABg|| =

a,ﬁEMRma‘ Qs

= |A%Q5(9)|| + pe(ll(Asgl) [ A%g

where pp is a positive non-decreasing (polynomial) function.

Therefore, the last inequality is the required correspondent to (3.42) (in
the case A = Ay).

Further, let ay > 0 be some constant and define a(x) := CLOZ R,
x > 0. Therefore, a(||Aggl]) = aoz " |Apg|l”. But each term ||Apgl|/” in
the r.h.s of the last equality can be expressed by (4.23), and the resulting
expression can be expanded by the multinomial formula. Then, after some
elementary algebra we get the following useful expression

alApgl) =a0 D e [ N(w)g(w)dw, (4.34)

YEM, |v[>1

(4.33)

R3I7I

where c,; > 0 are strictly positive, constant coeflicients, v € M, |y| > 1,
1< < N.

We show that if ag is large enough, then (Lj )V 3 g — a(||[Asf||)Asg —
Q5(g) € X is positive and isotone. To this end, first note that one can write

Qi (9)(v) = Ri(g)(v) gs(v), (g€ (Ly )N, vER ae, 1 <i<N), (4.35)

where

Rz(Q)(V) = Z Q4 / Vﬂa H Hgs ng dV~VZ,
a,BeM R3lo—3 seEN(a) j=1
(s .7)7&(1 051) Wi o, =V

(4.36)
with v, as in (2.56). Hence,

a([|[Asgl)(Asg)i(v) = Qi (9)(v) = [a([[Asgl)Xi(v) — Ri(9)(v)] gi(v). (4.37)

It is convenient to set

Qg
=C Z a; / A% (w) H Hgs(w&j) dw;,
a,BeEM R3lal—3 seN(a) Jj=1
(S7j)?£(i7ai)

Wi,a; =V

(4.38)
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with C' as in (4.28). Summing on [ in (4.38), using the explicit form of
A%(w), and invoking property (B;), we are easily led to

R g)(V)=CN(v) D gy [ X(w)g'(w)dw, (4.39)

YEM, V2T pay

where ¢,; > 0 are constant coefficients, vy € M, |y| > 1,1 <i < N.
We introduce (4.34) and (4.38) in (4.37). Consequently, for v € R? a.e.,

a([[Asgl)(ABg)i(v) — Qi (9)(v) = [R{(9)(v) — Ri(9)(v)]g:(v) + Ti(g9)(v),
(4.40)
where

T()¥) = ZM)av) S (a0ey: — Cay) / X (w)g (w)dw.  (4.41)

7€M7|'Y|21 R31

Now we compare (4.36) and (4.38), by taking advantage of (4.28). It
follows that the map (Lj )V 3 g — [R{(g9) — Ri(g)]g: € L' is positive and
isotone, 1 < ¢ < N. Moreover, because of the form of T;(g), if ap > 0
is sufficiently large, then the mapping (L3 )V > g — Ti(g)(v) € L' is
positive and isotone for all 7. In this case, by virtue of (4.40), the map
(Ly )N 2 g — a(||Asgl)Asg — Q5(g) € X is also positive and isotone.

In conclusion, the conditions of Theorem 1la) are fulfilled (in the case
A = A), so that we are in position to state the following result ([11]):

Theorem 6. Suppose that in problem (4.25), fo; € L}LJF, 1 <1< N. Then
Eq. (4.25) has a unique strong solution f(t) = (f1,..., fn) such that f;(t) €
Lj,,t>0, and Hfi(lt)HL}1 is locally bounded on Ry, 1 <i < N. In addition,

fir A+ V) fi € C(Ry; LY), 1 <i <N,
[Asf@O)] = lAsfoll (£ =0), (4.42)
and there is a non-decreasing function pp : Ry — R, such that

1A £ (1)]| < explpr(llfol)t) [[AZfo]] (¢ > 0). (4.43)

Theorem 6 does not state the conservation of mass, momentum and en-
ergy, but the conservation (in arbitrary units) of the quantity mass+(total)
energy. However, the properties of f(t), cf. Theorem 6, allow for checking
immediately the separate conservation for each of the above quantities.
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Theorem 6 reduces to the main monotonicity result of [2] when Eq. (4.25)
is particularized to the case of the classical Boltzmann equation. Moreover,
in that case, using suitable additional Povzner-like estimations, we can re-
obtain the general moment estimations of [2], as application of Prop. 4b).

Finally, remark that similar analyses as for Theorems 4 and 6 can be
developed for the main model considered, e.g., in [27].

4.5 Nonlinear von Neumann-Boltzmann equation

As A is unbounded (by construction), the existence of solutions to problem
(2.62) seems not immediate from general considerations.

However, one can show that the conditions of Theorem 1 are fulfilled with
a(x) = x.

First recall that Tr[A*(QT — Q7)](F) =0, for all 0 < F € D(A*) N X,
k = 0,1. Then observe that, since A > I, it follows easily that Tr[A?(QT —
Q)(F) <eTr(AF)TrF < eTr(AF)Tr(A?F) for all 0 < F € D(A%) N X .

So we can now formulate our existence result ([12]):

Theorem 7. Suppose that in problem (2.62), 0 < Fy € D(A?). Then Eq.
(2.62) has a unique mild solution 0 < F(t) € D(A?), and TrF(t) is lo-
cally bounded. Moreover, F,AF € C(Ry;X), TrF(t) = Trky, Tr(AF)(t) =
Tr(AFy) and Tr(A*F)(t) < exp(teTr(AFy))Tr(A%Fy)  (t > 0).

5 Concluding remarks

The results of the previous section of applications can be easily completed
taking advantage of Theorem 2. As an example, the previous Theorem 3 can
be completed as follows

Proposition 5. Let fo € Lg , in problem (4.2). Then Eq. (4.2) has a strong
solution f(t) € Ly ,, t > 0.

As mentioned before, the uniqueness is no longer ensured in the latter
case. Theorem 2 extends the main existence result of [11]. The other general
existence results formulated in [11] can be similarly completed, with obvious
modifications. This allows to reconsider the applications of [11], accordingly,
in an obvious manner.
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Prop. 3 provides uniqueness of the solutions in the special case when
A vanishes on a rather large set. This can be applied, for instance, to the
space-homogeneous Boltzmann equation with hard potentials, to obtain a
similar existence result as in, e.g., [20]. However, in a more general case,
the uniqueness problem, under the conditions of Theorem 2, remains open.
Here we can however remark that the regularity conditions required in the
theorem might be necessary to ensure the uniqueness of the strong solutions.
Indeed, examples of non-unique (but) less regular solutions of the Boltzmann
equation have been recently discovered, [26], [19].

In this chapter, we presented various examples of existence results for gen-
eralized Boltzmann models obtained by monotonicity methods. The above
methods are potentially applicable to investigate other evolution problems.

On the other hand, the results presented in this review describe only par-
tially the properties of the models considered. They must be completed by
a thorough study of other properties of the models, e.g. the existence of sta-
tionary or/and equilibrium solutions, Lyapunov functionals, H-theorems (see
e.g. [7]), asymptotic properties, construction of effective numerical methods.

6 Appendix
1) Sketch of the Proof of Lemma 3
Property B(-,gi,h;) € Li, (R X4), i,5 = 1,2, follows from (4;), (A2)

loc
and Remark 2.
To prove (3.58), let

¢
i (t) ::/ A(s, hi(s))ds  (i=1,2). (6.1)

0
Clearly, 0 < y1(t) < ya(t), because of the isotonicity of A(¢,-) (cf. (Ay)).

Further, define F'(x,y) := a(x +y) — a(z), with a as in (Ay). The properties
of a (cf.(A2)) imply

F(a*,y) — Flz,y) = / @) —d@t 20 (62)

for all 0 <z < 2* and y > 0. Then one can show easily (invoking (As), the
isotonicity of @T(¢,-) and the obvious inequality Ag;(t) < Aga(t)) that

0 < B(t,g1,h) = B(t,91,0) + F ([[Agi (D)l , 1 (1)) Agu (1) <
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< B(t,92,0) + F ([[Agi (D], 91 (2)) Agal(t) (6.3)

and

0 < F([[Ag1®)]91(8)) < F ([[Ag2(0)]], 91.(8)) < F ([[Ag2(0)[], 92(2)) - (6.4)

Inequalities (6.3) and (6.4) can be now easily combined to obtain (3.58). [

2) Sketch of the Proof of Lemma 4

a) Since DY is p-saturated and A*Q*(¢,-) are positive and isotone, the
key point is to show that for each 7" > 0 and n = 1,2, ..., there is g, 7 € DY
such that

~—

0< fult) S gor (0<t<T ae). (6.5
)

Then (3.41) gives Q™ (t,gnr) € DY ae. on Ry, hence A*Q7 (-, gnr
L (Ry; X)) for all k= 0,1,2,.... The same properties hold for QT (¢, g, r
and A*Q7 (-, gn.7), respectively (by virtue of the assumptions of Theorem 1a
and by (3.44)).

Inequality (6.5) can be proved by induction.

Indeed, note that (6.5) is trivially verified for n =1 by ¢; 7 := 0, and for
n =2 by gar := fo. Further, at the induction step, assuming that (6.5) is
fulfilled for n = 1,2,..g — 1 (with ¢ > 3) applying, in essence, the properties
of A, a, and (3.28), one first obtains

m

N~ —

t t
Ak/ B(S,gn_17T,gn_27T)d8 = / AkB(s,gn_lyT,gn_QyT)ds (O S t S T),
’ ’ (6.6)
for all k =1,2,... and n =1,2,...,¢ — 1. Then observe that f,_1(t) < g,—1.7
and f,_o(t) < gqor satisfy the conditions of Lemma 3 for ¢; < ¢, and
hy < hg, respectively. Thus, applying conveniently (3.56) and (3.58) in
(3.60), and invoking (6.6), we get

T
0 S fq(t) S f0—|—/ B(s,gq_lyT,gq_ZT)ds = gq7T € Di_o (0 § t é T) (67)
0

b) As before, it is sufficient to show by induction that property (6.5) is
verified by g, € D(A®) N X,.

First note that if g1 7 = 0 and g2 7 = fy, then (6.5) is trivially verified for
n = 1,2, respectively.
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The induction step is simpler than in a), because now one can make use
of the fact that V' is Cy. Then, [] V*hds € D(A) for all h € X, ¢ > 0, which,
in our case, implies (for any 0 <t <T)

t t
/ VI B(T, gg-1,7, gg—2,7)ds = / VEB(T, gg-1,7: gg-2,r)ds € D(A’) N X,

0 0
(6.9)

Since, in our case, B(t, g4—1.1, 9g—21) < B(T, §g—1.1, §g—2.1), We conclude the
induction step, using property (6.8) with the key inequality

t
0< f,(t) < fo +/ V7 B(T, gg-1.1, §g—2r)ds (0 <t <T), (6.9)
0

which follows, in essence, by Lemma 3, and by applying (3.56) and (3.58) in
(3.60).

c¢) The statement follows from simple regularity considerations and some
direct computation.

d) Obviously, 0 = fi(t) < fo(t) < f3(t) a.e.. Then a straightforward
induction, applying (3.58), shows that { f,(t)} is a.e. increasing.

For the rest of the proof, note that (3.63) implies (3.64). Inequality
(3.63) can be proved by induction. Indeed, since 0 = f1 < fo(t) < fy, and
A(t,0) = 0 a.e. (cf. Remark 1), formula (3.63) is trivially verified for n = 2.
Let ¢ > 3 and suppose inequality (3.63) to be valid for n =2,3,...,¢q — 1. If
n = ¢ in (3.62), then the positivity of a and 0 < Af,_1(t) < Af,(t) give

o <h+ | O, £y 1(s))ds +

# [ [ (ol + [ 8 gatoar) - atiamb] angons

(6.10)

According to the induction hypothesis, (3.63) holds true for n = ¢—1. Hence

(3.64) is also valid for n = g — 1, as concluded before. Then a(||Af,—1(s)|| +

Jo AT, fg—2(7))d7)) < a(||[Afo]), because a is non-decreasing. As Af,(s) is

positive, clearly the integral term containing Af,(s), in the r.h.s. of (6.10) is
negative. Then (3.63) becomes true for n = q.

e) Note that Q%(t, f,(t)) € D(I'), for a.e. t > 0. Also, TQ*(-, fu(+)) €

L (Ry; X ). Indeed, let T > 0 and g, 1 > fn(t) be as in a). If T" is of type

D on D% (on D(A%) N X.), then (3.36) and (3.41) give ||[TQ* (¢, f,(1))|| <
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ITQ=(t, gnr)ll < ITQ™(E gur)ll < alllgnzl) ITAgnr|| for ae. 0 <t <T.
On the other hand, if T" satisfies (3.46), then (3.41) implies

[TQ*(t, fa))]| < ITQ™(t, fu)| + pr(1A1garll) ITgnr|

< alllgnr D) ITAgn2 | + pr([Aagnr ) [Tgnrl (0 <E<T ae.).

But (3.63) is of the form (3.37), and the above considerations show that
Lemma 2 applies (with ' instead of A). Hence,

IA

ITfa(O)] +/0 A(s, fa1(s); 1, Q)ds < [[Tfo]| - (620, n=2). (6.11)

Now the proof can be immediately concluded: if n = 1, then formula (3.65)
is trivially satisfied; if n > 2, then (3.65) is directly implied by (6.11).

To obtain (3.66) observe that A? satisfies the conditions for T in e).

f) First apply inequality (3.46) in (6.11). It follows that

IT L) < 1T foll +/0 prl[Asfua(s) DT faa(s)lds  (¢=0, n>2).

(6.12)
But A, satisfies the conditions of e) in the present lemma, hence ||A; f,,(2)]| <
A1 foll, © > 0, n = 1,2,... . Introducing the last inequality in (6.12), we

obtain

IT () < 1T foll +pr(\|/\1fo||)/0 ITfoa(s)llds (=0, n=2). (6.13)

Finally, since (3.67) is obviously satisfied for n = 1,2, a straightforward
(Gronwall type) induction in (6.13) concludes the proof. [J
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