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Abstract
We consider electron scattering by hydrogen atoms in a bichromatic linearly
polarized laser field of frequenciesω and 3ω and we discuss the coherent control
of the scattering process as a function of the relative phase ϕ between the two
components of the radiation field. The electrons are assumed to have sufficiently
high energies in order to permit the description of the scattering process in
the first-order Born approximation. The scattered electrons, embedded in the
bichromatic laser field of moderate power, as well as the laser dressing of
the hydrogen atoms in their ground state are described by time-dependent
perturbation theory. We discuss the angular dependence of the nonlinear
differential scattering cross sections for the low values N = ±2 of absorbed
or emitted laser photons as a function of the relative phase ϕ between the two
radiation field components. We also compare our results with those obtained
from the assumption of a static potential describing the target atom.

(Some figures in this article are in colour only in the electronic version; see www.iop.org)

1. Introduction

About 10 years ago it was suggested in a seminal work by Shapiro et al [1] that it should be
possible to manipulate molecular reactions by using a bichromatic laser field of frequencies ω
and 2ω or ω and 3ω and by varying the relative phase of the two components of the radiation
field. This method was termed by these authors as ‘coherent phase control’. A considerable
number of papers on this method and its applications have now been published and we refer to
the reviews by Shapiro and Brumer and by one of the present authors for more details [2,3]. A
few years ago, one of us applied this method to the investigation of electron–atom scattering
in a bichromatic laser field [4–6], describing the atomic target by a structureless potential, as
was done in the original work by Bunkin and Fedorov [7] and by Kroll and Watson [8] for
a monochromatic radiation field. The same problem was also reconsidered by Milošević [9]
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and by Rabadán et al [10]. Representing the target atom by a potential is a permissible
approximation as long as the frequency of the laser field is sufficiently low, as was shown quite
a number of years ago by Lami and Rahman [11,12]. Hence, electron–hydrogen scattering in
a bichromatic field was investigated [13], taking into account the effect of the laser interaction
with the atomic electron in the first order of time-dependent perturbation theory, using, however,
the closure approximation in order to facilitate the summation over the intermediate electron
states. The same problem was treated by Ghalim and Mastour [14] for helium in a more
adequate way. Using time-dependent perturbation theory to describe the colliding electron–
atom system in the laser field, the importance of the laser dressing of the target system was
also considered in the monochromatic case by Dubois et al [15] and by Kracke et al [16],
whereas in the bichromatic case of frequencies ω and 2ω this problem was treated by two of
the present authors [17, 18], in particular for higher frequencies of the laser field. In general,
in this paper we shall call the influence on, and the coupling of the atomic states by the laser
field ‘dressing effects’. For moderate laser field intensities, for which the amplitude E of the
laser field strength is much smaller than the Coulomb field strength Ec on the first Bohr orbit,
these dressing effects can be treated by time-dependent perturbation theory.

In this paper we want to study two-photon free–free transitions in electron–hydrogen
scattering if the radiation field is a superposition of two components of frequencies ω and 3ω.
The vector potential in the dipole approximation will be given by

�A(t) = �εA0 cosωt + �ε′A′
0 cos (3ωt + ϕ). (1)

A0 and A′
0 are the amplitudes of the vector potentials describing the radiation fields of

frequencies ω and ω′ = 3ω, respectively, while �ε and �ε′ are the associated polarization vectors.
ϕ is the relative phase between the harmonic and the fundamental field and we shall perform
a systematic study of its influence on the laser-assisted signals corresponding to scattered
electrons of the final energy

Ef = Ei ± 2ω (2)

where Ei(f ) is the initial (final) energy of the scattered particle. In the presence of the radiation
field (1), the energies (2) can be reached by two different quantum paths. In figure 1 we show
schematically the paths for the caseEf > Ei . In this figure, two identical photons of frequency
ω are absorbed in the process labelled by (a), the electron gains energy 2ω since the internal
state of the atom is not affected by the scattering. In the other path (b), a harmonic photon 3ω
is absorbed and a fundamental photon ω is emitted. Both paths lead to the same final energy
Ef = Ei + 2ω. The relative phase ϕ in (1) ‘modulates’ the quantum interference between the
two paths. This modulation is discussed in detail below.

For high electron energies and low radiation field intensities, we can treat our problem by
means of perturbation theory. By this approximation we mean that we treat the electric field in
second-order time-dependent perturbation theory and take into account the scattering potential
in the first order of the Born approximation in order to evaluate the differential cross sections
of the scattered electrons. We shall describe the corresponding calculations in section 2. They
will be performed by taking into account all the Feynman diagrams which are involved in
each of the two paths (a) and (b). This procedure turns out to be an adequate treatment
of two-photon free–free transitions, including the modification of the target by the radiation
fields in second-order perturbation theory. Our problem comprises the quantum interference
of two processes involving the same number of photons, namely N = ±2, yielding the energy
spectrum of the scattered electrons in the second pair of sidebands. It represents the simplest
case in which ‘coherent phase control’ can be investigated, taking consistently into account the
radiation dressing of the target. Although our problem involves two second-order processes,
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Figure 1. Energy diagrams representing schematically two-photon free–free transitions between
the initial state, in which the scattered particle has energy Ei , and the final state, where it has energy
Ef = Ei + 2ω: (a) refers to the absorption of two photons of frequency ω; (b) corresponds to the
absorption of a harmonic photon 3ω and the emission of a laser photon ω. The laser photons are
represented by thin lines and the harmonic photons by thick lines.

it is more suitable for discussing interference and phase effects than the consideration of the
first pair of sidebands (N = ±1), since here the interference would involve one- and three-
photon processes. Our numerical examples, to be presented in section 3, were obtained for
identical linear polarizations, �ε = �ε′, of the two field components. In the scattering geometry
considered, the polarization vector �ε was taken parallel to the initial momentum �pi of the
ingoing electron. We used fast electrons of initial energy Ei = 100 eV, and took three
different fundamental radiation frequencies, namely ω = 1.17 eV of a Nd:YAG laser, ω = 3
and 4 eV. The higher frequencies were chosen to demonstrate the increasing importance of the
laser dressing of the target atom. The phase effects were analysed for small scattering angles
in the case of ω = 1.17 eV, where the influence of target dressing on the coherent control of
the cross sections is expected to be appreciable, while for the higher radiation frequencies the
scattering process was also investigated numerically for larger scattering angles. A summary
of our results and some concluding remarks will be presented in section 4. Atomic units will
be used throughout this work.

2. Derivation of the basic equations

The time evolution of the electron–hydrogen system in the presence of the electromagnetic
field (1) is determined by the Hamiltonian

H =
�P 2

2
− 1

R
+

�p 2

2
+

1

|�r − �R| − 1

r
+

1

c

[ �p + �P ] · �A(t) ≡ H0 + V + W(t) (3)

where �R and �P are the position and momentum operator, respectively, of the atomic electron
and �r and �p are the corresponding operators of the scattered electron. V ≡ −r−1 + |�r − �R|−1

describes the e–H interaction in the direct channel. Exchange effects can be neglected at the
higher scattering energy considered. W(t) ≡ c−1

[ �p+ �P ] · �A(t) describes the interaction of the
charged particles with the radiation field in the velocity gauge, using the dipole approximation.
The �A2-term was eliminated by a unitary transformation.
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In the first non-vanishing order of perturbation theory, the S-matrix element of the two-
photon process is given by

S(2) = −
∫ +∞

−∞
dt1

∫ t1

−∞
dt2 〈χ−

f |W̃ (t1)W̃ (t2)|χ+
i 〉 (4)

with W̃ (t) = eiH0tW(t) e−iH0t . In the foregoing equation, |χ+
i 〉 and |χ−

f 〉 describe, respectively,
the initial and final state of the colliding electron–atom system

|χ+
i 〉 = |�i〉 + G+(Ei)V |�i〉 (5)

|χ−
f 〉 = |�f 〉 + G−(Ef )V |�f 〉 (6)

where

G±(E) = [E − H0 − V ± iδ]−1 (7)

with δ a positive infinitesimal number. |�i,f 〉 represent the asymptotic states of the colliding
system in the absence of the interaction potential V and are given by

|�i〉 = |ψ1s〉|Ki〉 (8)

|�f 〉 = |ψ1s〉|Kf 〉. (9)

|ψ1s〉 denotes the ground-state wavefunction of the hydrogen atom and |Ki,f 〉 are plane waves
for the ingoing and scattered electron. The initial and final energy of the electron–atom system
is given by

Ei = E1s +
p2
i

2
Ef = E1s +

p2
f

2
(10)

where E1s is the unperturbed ground-state energy of the hydrogen atom and pi(f ) is the initial
(final) momentum of the scattered electron.

We want to study the two-photon process leading to the same final energy of the scattered
electron, given by (2). This process is described by the following transition matrix element,
following from (4):

T
(±2)
f i = 1

4
A2

0〈χ−
f |�ε · ( �p + �P) G+(Ei ± ω) �ε · ( �p + �P)|χ+

i 〉

+e∓iϕ A0A′
0

4
[〈χ−

f |�ε · ( �p + �P) G+(Ei ± 3ω) �ε′ · ( �p + �P)|χ+
i 〉

+〈χ−
f |�ε′ · ( �p + �P) G+(Ei ∓ ω) �ε · ( �p + �P)|χ+

i 〉]. (11)

The upper sign refers to the process in which the energy of the scattered electron is increased by
2ω and the lower sign belongs to the case in which the energy is decreased by 2ω. For the sake
of simplicity, we discuss here the significance of the two terms in (11) for the case Ef > Ei

only, as shown in figure 1, since the other case Ef < Ei can be treated in a similar way. The
first term in (11), which is proportional to the intensity of the fundamental field, represents
the transition matrix element for the process in which two identical photons are absorbed and
we denote this term by Ta . The second term is evidently proportional to the interference of
both components of the field (1) and is connected with the diagrams in figure 1(b). It involves
two different photons: a harmonic photon 2ω is absorbed and a laser photon ω is emitted. We
denote this term by Tb. We point out that any higher-order correction to these leading terms
are at least of the fourth order in the radiation field. In order to describe our two scattering
processes for N = ±2, we only need to match the two individual matrix elements Ta and Tb
by the appropriate exponential factor containing the relative phase ϕ. We infer from (11)

T
(±2)
f i = Ta + e∓iϕTb. (12)
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The detailed evaluation of individual matrix elements, Ta andTb, was extensively discussed
in the cited literature. For their analytic treatment the ‘two-potential’ formalism was used by
Kracke et al [16] in the case of two identical photons and by Cionga and Buică [17] for
the present problem of two different photons. In these investigations, the above-mentioned
authors considered high scattering energies such that the first-order Born approximation can
be employed to treat the electron–atom scattering problem. In that case, the transition matrix
element can be evaluated in the third order of perturbation theory, namely in the second order
of the electric field and in the first order of the scattering potential V , as noted before. If all the
Feynman diagrams involved are considered, every transition matrix element for a two-photon
process can be written as a sum of three terms. For example, the process shown in figure 1(a)
is described by

Ta = T a
E + T a

M + T a
A (13)

and a similar term can be written down for the process of figure 1(b). The terms T
a(b)
E ,

T
a(b)
M and T

a(b)
A account for the electronic, mixed and atomic contributions, respectively. Each

contribution is associated with a specific Feynman diagram, as was discussed in [16,17]. The
angular behaviour of these three contributions, as well as their dependence on the frequencies
and on the momentum transfer, was analysed in these papers. We should mention that the
analytic expressions for Ta and Tb are the same for #E± = Ef − Ei = ±2ω. However, for
the two different signs of #E± these expressions have to be evaluated for different values of
the arguments of the Green function in (11). The same holds true for Tb.

The differential cross sections for the scattered electrons with the final energies (2) are
then given by

dσ(±2)

d%
= (2π)4 pf

pi

|T (±2)
f i |2 (14)

where

|T (±2)
f i |2 = |Ta|2 + |Tb|2 + 2 Re

(
T ∗
a Tbe∓iϕ

)
. (15)

The third term in the previous expression (15) describes the coherent interference effects that
depend on the phase difference ϕ between the two field components. For bichromatic fields
whose frequencies satisfy the relation 3ω < |E1s|, the two matrix elements Ta and Tb can be
shown to be real. In that case, the phase dependence becomes much simpler and we find from
(14) and (15)

1

I 2

dσ(±2)

d%
= (2π)4 pf

pi

[
T 2
a +

I ′

I
T 2
b + 2

√
I ′

I
TaTb cosϕ

]
. (16)

In this relation we explicitly displayed the intensity dependence of the different terms of
the differential cross section formula, introducing the following notation: Ta = I Ta and
Tb = √

II ′ Tb. In these relations, I denotes the intensity of the fundamental laser field
and I ′ that of the harmonic field. Since in the perturbative regime the power law is valid
for the intensity dependence, we have normalized our results with respect to the square of
the intensity of the fundamental radiation field. Therefore, in the perturbative regime the
normalized differential cross sections become independent of the laser intensity and depend
only on the ratio of the intensities of the two field components. As we can infer from (16),
the ϕ dependence of the differential cross sections of our problem is symmetric with respect
to ϕ = π .
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3. Numerical examples and discussion

In order to investigate the coherent phase effects in two-photon free–free transitions, we carried
out numerical calculations of the differential cross sections (16) for fast electrons of initial
energy Ei = 100 eV and for three different optical frequencies. We show our results for the
frequency of a Nd:YAG laser ω = 1.17 eV and for the higher frequencies ω = 3 eV and
ω = 4 eV where we expect larger dressing effects for the target atom by the bichromatic
field. Both components of the field (1) have linear polarization in the same direction along
the momentum �pi of the ingoing electron, namely �ε = �ε′ ≡ �pi/pi , and �ε defines our z-
axis. In the case of the lowest frequency, we studied the phase effects at small scattering
angles, where the dressing of the target atom is expected to be important so that all three terms
(electronic, mixed and atomic) in (13) will contribute [16, 17]. For the higher frequencies we
also considered larger scattering angles where laser dressing of the target atom can still be
recognized. For the numerical evaluation of the individual transition matrix elements Ta and
Tb we used the analytic expressions, involving a series of hypergeometric functions, derived
previously [17, 19].

In figures 2(a) and (b) we show three-dimensional plots. The differential cross sections
(16) are presented as a function of the scattering angle θ and of the relative phase ϕ for equal
intensities I = I ′ of the two field components. (a) refers to#E+ = 2ω and (b) to#E− = −2ω.
In order to understand the variation of the data shown on these surfaces, we point out that the
general structure of the differential cross section (16) is given by

1

I 2

dσ(±2)

d%
∼ L(θ) + L′(θ) cosϕ (17)

where

L(θ) = T 2
a +

I ′

I
T 2
b L′(θ) = 2

√
I ′

I
TaTb (18)

with L(θ) � 0. From the θ dependence of the individual matrix elements, Ta andTb, follows the
dependence on the scattering angle of the two quantities L and L′. Moreover, these quantities
depend on the momentum transfer of the scattered particle and on the field frequencies ω and
3ω. The two deep minima, appearing in the data of figures 2(a) and (b) for the same relative
phase ϕ = 180◦, occur because L � L′ for θ � 11◦, if #E+ = 2ω, and for θ � 6◦, if
#E− = −2ω. The ‘surface’ in figure 2(b) for two-photon emission is simpler because the
kinematical minimum, located at θ = arccos(pi/pf ), is missing in this case since pf < pi .
This was discussed by Kracke et al [16].

Further information is revealed in figure 3, in which we display the differential cross
sections I−2 dσ(+2)/d% as a function of the relative phase ϕ for six particular values of the
scattering angle in the region where the laser dressing is important. The parameters are the
same as in figure 2(a). For a given scattering angle and for ϕ �= 0, the laser-assisted signals are
increased or decreased depending on the sign of L′ in (17). For all of those values of θ for which
one of the transition matrix elements Ta or Tb vanishes due to a dynamical interference between
the three terms in (13), the laser-assisted signals become ϕ-independent. For example, this is
the case at θ � 13.4◦ where Tb = 0. The first three changes of the curvature of the presented
data, shown in (a) and (b), (c) and (d), and (e) and (f ) have their origin in the three zeros of the
first matrix element Ta . They are located at θ � 4.4◦, 6.4◦ and 10.25◦, respectively. In general,
the ϕ dependence changes its curvature after the occurrence of a zero of the individual matrix
elements, Ta and Tb, that is due to a cancellation between the electronic, mixed and atomic
contributions in (13). There are only two changes of curvature encountered in figure 2(b) since
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Figure 2. Part (a) shows on a logarithmic scale I−2 dσ(+2)/d%, evaluated from (16), as a function
of the scattering angle θ and the relative phase ϕ. The initial energy is Ei = 100 eV and the laser
frequency is ω = 1.17 eV. The intensity of the harmonic field was chosen to be equal to that of the
laser radiation. In (b) we present the same as in (a) but for I−2 dσ(−2)/d%.

only two such cancellations take place if #E− = −2ω, namely one for Ta and another one for
Tb.

The features discussed in the previous paragraph are the signature of the dressing
of the target. If this dressing is neglected, the shape of the curves describing the ϕ

dependence does not depend on the scattering angle θ , as is apparent from the dotted curves
in figure 3. These curves represent I−2 dσ(+2)/d% computed from the approximation in
which only the first term in equation (13) for Ta is retained and, similarly, in the equivalent
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Figure 3. Presents by full curves on a logarithmic scale I−2 dσ(+2)/d%, evaluated from (16), as
a function of the relative phase ϕ for six values of the scattering angle θ . The dotted curves refer
to the same quantity when the target dressing is neglected. The other parameters are the same as
in figure 2.
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expression for Tb. Of course, this approximation is then a generalization of the Bunkin–
Fedorov formula [7] for a bichromatic field. Such calculations were carried out by Varró
and Ehlotzky [4–6] in an entirely different regime of parameters, namely Ei = 10 eV,
ω = 0.117 eV, I = 4 × 107 W cm−2 and a large scattering angle θ = 155◦ in accordance
with the experimental work of Weingartshofer et al [20]. In this regime the Kroll–Watson
low-frequency approximation [8], generalized by Milošević [9] for a bichromatic field, is
certainly applicable and at the large scattering angles considered laser dressing of the atom is
a negligible effect. Therefore, no specific comparison can be made here with the results of
that work.

If the dressing of the target is neglected, the θ dependence of (16) can be written as a
prefactor and we obtain

1

I 2

dσ(±2)

d%
∼ [

f B1
el (q)

]2 |(�ε · �q)|4
ω4

[
1 +

4

81

I ′

I
− 4

9

√
I ′

I
cosϕ

]
(19)

where �q is the momentum transfer of the scattered electron and f B1
el = 2(q2 + 8)(q2 + 42)−2

is the transition amplitude in the first-order Born approximation for the elastic scattering by
the potential V . Since for θ = arccos(pi/pf ) the scalar product �ε · �q vanishes, the differential
cross section (19) also vanishes. At larger scattering angles, where the target dressing no
longer contributes significantly, the full and the dotted curves are becoming closer and closer,
as we can see for θ � 20◦.

Another important parameter that influences the quantum interference between the two
paths in figure 1 is the ratio between the intensities of the two radiation field components, as is
apparent in (16). If the dressing is neglected and I = I ′ then, according to the data in figure 3,
the laser-assisted signals (dotted curves) are always increased ifϕ �= 0. For other ratios I ′/I the
ϕ dependence can become more complicated. In figure 4 we present dσ(+2)/d%, normalized
with respect to I 2, as a function of the scattering angle θ for four different values of the relative
phase, namely ϕ = 0, π/4, π/2 and π . In each part we show three curves, evaluated for
the following intensity ratios I ′/I = 1, 10−1 and 10−2. If ϕ = 0 and if this ratio becomes
decreasingly small, then the differential cross sections are correspondingly approaching those
cross sections that are determined by path (a) of figure 1. In particular, for I ′/I = 10−2 the
three zeros of Ta , discussed previously, can be found at the locations mentioned before. On the
other hand, with increasing intensity of the harmonic field, we should recover the differential
cross sections originating in path (b).

In order to demonstrate the increasing importance of the laser dressing of the atomic
target, we show in figures 5 and 6 the cross section data for two-photon absorption (N = 2)
for the laser frequencies ω = 3 and 4 eV, respectively. The upper frames (a) refer to the
intensities I ′ = I and the lower frames (b) to I ′ = 0.01I . Evidently, the strong minima,
having their origin in a partial cancellation of the two terms L(θ) and L′(θ) in (17), have now
moved, if compared with the data of figure 2, to one or several (larger) scattering angles, in
particular in (b). These minima can appear at several values of the relative phase ϕ (0, π ,
and 2π ), indicating the strength of the interference between the matrix elements Ta and Tb.
Hence, with increased laser frequency (and independent of the laser intensity) the angular
distribution of the scattered electrons becomes richer in its details, to a large extent due to the
stronger influence of the laser field and of its harmonic on the structure of the atomic states.
Therefore, coherent phase control is also becoming of increased interest at higher radiation
frequencies.
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Figure 4. I−2 dσ(+2)/d% is shown on a logarithmic scale as a function of the scattering angle
θ for four values of the relative phase: ϕ = 0, π/4, π/2 and π . The initial electron energy and
the laser frequency are the same as before. The intensity of the harmonic field is 1% of the laser
intensity (full curves), 10% (chain curves) and 100% (broken curves).
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Figure 5. Cross section data for N = 2 as a function of θ and ϕ for the laser frequency ω = 3 eV
and its third harmonic. In (a) I ′ = I and in (b) I ′ = 0.01I . The dependence of the data on the
ratio of the intensities is remarkable as well as increasing the richness of the angular distribution
with increased laser frequency, if compared with the data of figure 2.

4. Summary and conclusion

In this paper we have studied the effect of the relative phase between the harmonic field of
frequency 3ω and the fundamental field of frequency ω on two-photon free–free transitions
in laser-assisted electron–hydrogen scattering. Using third-order perturbation theory and
taking into account all the Feynman diagrams involved, we evaluated the differential cross
sections for scattered electrons of energy Ef = Ei ± 2ω. For fast scattered electrons and
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Figure 6. Similar data forω = 4 eV. The other parameters are the same as in figure 5. A comparison
with figure 5 makes clear the strong dependence of the results on the laser frequency.

low field intensities, as well as at smaller scattering angles where the dressing is important,
the interference between the two quantum paths leading to the foregoing final energies are
modulated by changing the relative phase ϕ. The signature of the target dressing by the
bichromatic field was discussed for fast electrons and low radiation field intensities in the
region of smaller scattering angles, where the dressing effects are important. We concluded
that whenever the target dressing cannot be neglected, it significantly influences the phase
dependence and the effect of the radiation field on the atomic states is increasing with increasing
laser frequency ω.
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[16] Kracke G, Briggs J S, Dubois A, Maquet A and Véniard V 1994 J. Phys. B: At. Mol. Opt. Phys. 27 3241
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